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Objetivos

Formacdo basica de algebra linear aplicada a problemas numéricos.
Resolucao de problemas em microcomputadores usando linguagens
e/ou software adequados fora do horario de aula.
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Transformacoes Lineares;

Sistemas de EquacOes Lineares: a) eliminacdo de Gauss e
operacdes elementares, teorema de existéncia e unicidade,
inversas generalizadas, determinantes, b) Métodos numéricos
diretos.

Autovalores e Autovetores: a) Transformacdes de similaridade,
teorema de Cayley-Hamilton, forma canbnica de Jordan,
transformacdes unitarias, b) Métodos numéricos: poténcias,
poténcias inversas, Método de Jacobi, Givens, Householder, QR.
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O meu curso seguira o roteiro do Burden & Faires com alguma
complementacao do Gilbert Strang e pitadas numéricas de
Python/Scipy/Numpy

Nao necessariamente todos os topicos da ementa original serao cobertos
em profundidade, apenas o necessario para apoiar a estrutura geral de um

curso de Matematica Aplicada.

Referéncias e materiais adicionais poderao ser indicadas ao longo do curso.
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Atividades Programadas

Aulas teoricas:
39 feiras das 21h20 as 23h00 e 69 feiras das 19h20 as 21h00 na sala 143-B

Provas:
Nos dias 9 de abril (P1); 21 de maio (P2) e 25 de junho (P3).

Trabalhos Computacionais:
Nos dias 14 de abril (T1); 26 de maio (T2) e 30 de junho (T3).

N3ao havera sub.
Avaliagao
Os alunos serao avaliados de acordo com:

MF = 0.7*(MP)+0.3(MT), onde MP = média das duas melhores notas de prova e MT =
média das duas melhores notas de trabalho. A aprovacao se dd com média 5.
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Capftulo 2 MAP2210
ESPACOS VETORIAIS

2.2 - DEFIHICED. Um espago vetarial é um conjunto munido
de uma opera¢ao de rdicio e de uma operagao de multiplicagéo por escalar
que verificam as oito propriedades A-1 a A—4 ¢ M-1 a M4 enunciadas no
exercicio 1.4.

1.4 - EXERCICIO. Indiquemos por E um qualquer doe conjuntos
V: R* ou F(f);se u,v € Ee A € R, u+v e Au indicaro as operagdes
adequadas. Verifique que valem as seguintes propriedades:

A-1) Vu,v,wé€ E, (ut+v)+w=u+(v+uw);
A-2) VYu,veEE, ut+v=v+u;

A-3) 3J0€ E tal que, Vu € E, u+0=0+u;

A-4) Vue€eFE, J(-u)e Etalque u+(-u)=(-u)+u=0;
M-1) ¥Ya€R, Vu,ve E, alu+v)=au+ av;
M-2) Va,F€ER, Yu€E, (a+ B)u = au + fu;
M-3) Va,fER, VueE, alfu) = (af)u; .

M-4) Vu€eE, lu=u.
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2.4 - EXEMPL®S. a) De acordo com o exercicio 1.4, os conjuntos
V3, R® e F(I), com as operagdes usuais, s30 espacos vetoriais.

b) O conjunto M;.,(R) das matrizes reais com p linhas e n colunas,
com as operagbes usuais de adigdo de matrizes e de multiplicagdo de matriz
por nimero real, ¢ um espago vetorial (verifique). Em particular temos o
espaco das matrizes reais quadradas de ordem n: M,(R) = M, ..(R).

2) Em M,x.(R), 0 vetor nulo é a matriz que tem todos os elementos
iguais a zero (matriz nula) e a oposta de u'a matriz A é a matriz que se

obtém trocando o sinal de todos o8 elementos de A.
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COMBINACAO LINEAR - SUBESPACO

3.1 - DEFINICAO. Seja {u1,u3,...,u,} um subconjunto finito for-
mado por ¢ vetores de um espaco vetorial V', com g > 1.

Uma combinagdo linear dos vetores u,,...,u, € qualquer vetor de V
que possa ser colocado na forma

iUy + agtig + -+ -+ Cgly.
Os escalares (nimeros reais) ay,...,a, sao chamados coeficientes da com-
binagdo linear.
Subespacos

Consideremos o sistema linear homogéneo

anz +a13x3+ -+ 01aZpn=10

a31T; +a33T3+ -+ 83, =0

“*®

LU ES + L + 4 OpaTn = U!

com p equagbes € n incognitas,
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Consideremos entao o sistema Az = 0 e seja S 0 conjunto das n-
uplas do R™ que sdo solugdes deste sistema homogéneo. Valem as seguintes

propriedades:
1) O vetor nulo do R™ esti em S pois A-0 = 0. (Todo sistema

homogéneo tem pelo menos a solugao trivial ou nula.)
2) Se as n-uplas u e v sdo solugdes entdo, Alu +v) = Au+ Av =
0+ 0=0,donde u+ v também ¢ solugdo, ou seja

u,v€S—=u+veSs
3) Sea n-upla u ésolugdoe A € R,entdo A(Au) = A(Au) = A0 =0,
donde Au também € solugdo, ou seja,

u€ES, AER= Au€S.
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3.5 - DEFINICAO. Um subconjunto S de um espago vetorial V é
chamado um subespago vetorial de V se verifica as seguintes condigbes:
5-1) O vetor nulo de V pertence a S.
5-2) Se o3 vetores u e v de V estao em S5, entio u + v também

pertence a S.
5-8) Seovetor ude V estdem S e A € R é um escalar qualquer,

entdo Au também pertence a §.

3.6 - EXEMPLOS. 1) Em qualquer espago vetorial V, os exemplos
mais simples de subespagoe vetoriais sio o préprio V e o subespago {0}
(verifique).

2) Como acabamos de ver, o conjunto das solugbes de um sistema linear
homogéneo com n incdgnitas é um subespago vetorial do R™ e o conjunto
das solugtes de uma equagao diferencial linear homogénea de segunda ordem
com coe=ficientes constantes é um subespaco vetorial de F(R).
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3.10 - PROPOSICAO. (Exercicio.) Se A= {u,,u;,...,u,}, com
g 2> 1, é um subconjunto finito de um espago vetorial V', entdo o subcon-
junto de V formado por todas as combinagoes lineares de iy, ,43,...,u, €
um subespayo vetorial de V.

3.11 - DEF]]"JIGED. O subespago construido na proposicao anterior
¢ chamado subespago gerado pelos vetores u;,u;,...,u, ou pelo conjunto
A e ¢é representado por [u;,u;,...,u,] ou por [A].
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Capfitulo 17
TRANSFORMACOES LINEARES

Sabemos que um sistema linear com p equagGes e n incégnitas pode ser

escrito na forma
Az =0,

onde A éWamatrizpxn,zénxlebépxl.

O que nos interessa no momento € perceber que, através da matriz A
fica definida uma regra que a cada vetor z € R™ associa um e um 86 vetor
Az € RP, isto é, temos uma fungao (ou transformagao) definida no R™® e
tomando valores no RP”.

Sabemos também que para esta fungao, que de alguma forma esta asso-
ciada a um sistema linear, valem as propriedades:

1) A(u + v) = Au + Av,

2) A(Au) = A(Au)
e que estas propriedades foram essenciais para mostrar que as solugoes do
sistema homogéneo Az = 0 formam um subespago do R".
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Vector Spaces

21 VECTOR SPACES AND SUBSPACES

A real vector space is a set of vectors together with rules for vector addition and
multiplication by real numbers. Addition and multiplication must produce vectors in
the space, and they must satisfy the eight conditions.

p—

—mmrr—_ R

DEFINITION A subspace of a vector space is a nonempty subset that satisfies the
requirements for a vector space: Linear combinations stay in the subspace.

(i) If we add any vectors x and y in the subspace, x + y is in the subspace.

(i1) If we multiply any vector x in the subspace by any scalar ¢, cx is in the subspace.
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The Column Space of A

We now come to the key examples, the column space and the nullspace of a matrix A.
The column space contains all linear combinations of the columns of A.1tis a subspace
of R™. We illustrate by a system of m = 3 equations in n = 2 unknowns:

L L 1 0 b,
Combination of columns equals b 5 4 [ﬁ] = | b, |. (H
2 4 b

With m > n we have more equations than unknowns—and usually there will be no
solution. The system will be solvable only for a very “thin” subset of all possible b’s.
One way of describing this thin subset is so simple that it is easy to overlook.

2A The system Ax = b is solvable if and only if the vector b can be expressed
as a combination of the columns of A. Then b is in the column space.
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This description involves nothing more than a restatement of Ax = b, by columns:

0 b
+uv [4] = | b (2)
= by

Combination of columns u

£ Lh =

These are the same three equations in two unknowns. Now the problem is: Find numbers
u and v that multiply the first and second columns to produce b. The system is solvable
exactly when such coefficients exist, and the vector (u, v) is the solution x.

We can describe all combinations of the two columns geometrically: Ax = b can
be solved if and only if b lies in the plane that is spanned by the two column vectors
(Figure 2.1). This is the thin set of attainable b. If b lies off the plane, then it is not a
combination of the two columns. In that case Ax = b has no solution.
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perpendicular
to plane

column space

Figure 2.1 The column space C(A), a plane in three-dimensional space.

What is important is that this plane is not just a subset of R; it is a subspace. It is
the column space of A, consisting of all combinations of the columns. It is denoted by

C(A).
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Requirements (i) and (i1) for a subspace of R™ are easy to check:

(i) Suppose b and b’ lie in the column space, so that Ax = b for some x and Ax’ = &’
for some x'. Then A(x 4+ x') = b + b’, so that b + b’ is also a combination
of the columns. The column space of all attainable vectors b is closed under
addition.

(i) If b is in the column space C(A), so 1s any multiple cb. If some combination of
columns produces b (say Ax = b), then multiplying that combination by ¢ will
produce cb. In other words, A(cx) = cb.
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The Nullspace of A

The second approach to Ax = b is “dual” to the first. We are concerned not only with
attainable right-hand sides b, but also with the solutions x that attain them. The right-
hand side b = 0 always allows the solution x = 0, but there may be infinitely many
other solutions. (There always are, if there are more unknowns than equations, n > m.)

The solutions to Ax = 0 form a vector space—the nullspace of A.

The nullspace of a matrix consists of all vectors x such that Ax = 0. It is denoted
by N(A). Itis a subspace of R", just as the column space was a subspace of R™.

Requirement (i) holds: If Ax = 0 and Ax’ = 0, then A(x + x’) = 0. Requirement
(i1) also holds: If Ax = 0 then A(cx) = 0. Both requirements fail if the right-hand side
is not zero! Only the solutions to a homogeneous equation (b = 0) form a subspace. The
nullspace is easy to find for the example given above; it is as small as possible:

1 0 2 0
s 3] [ - [o]
2 4 0
The first equation gives u = 0, and the second equation then forces v = 0. The nullspace

contains only the vector (0, 0). This matrix has “independent columns”—a key idea that
comes soon.
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The situation is changed when a third column is a combination of the first two:

1 0 1

Larger nullspace B= 1|5 4 9|
2 4 6

B has the same column space as A. The new column lies in the plane of Figure 2.1; it is
the sum of the two column vectors we started with. But the nullspace of B contains the
vector (1, 1, —1) and automatically contains any multiple (c, ¢, —c):

1 0 1 c 0
Nullspace is a line 5 4 9 c| = |0].
2 4 6| |—c 0

The nullspace of B is the line of all points x = ¢, y = ¢, z = —c. (The line goes through
the origin, as any subspace must.) We want to be able, for any system Ax = b, to find
C(A) and N(A): all attainable right-hand sides b and all solutions to Ax = 0.



Vectur:|::1, 1,-1=

Cotor:|[ v | Width:

Initial Pt:| (0, 0, 0)

] Vectur:|::1, 9, 6=

%

WVector: |::D, 4, 4=

WVector: |::1, 5, 2=

https://www.monroecc.edu/faculty/paulseeburger/calcnsf/CalcPlot3D/
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Problems 21-30 are about column spaces C(A) and the equation Ax = b.

24. For which vectors (b, by, b3) do these systems have a solution?

1 1 1 X1 b] 1 1 1 X f?l
0 1 1 X2| = !'.?1 and 0 1 1 X2 = .E?g .
0 0 1| |x3 by 0 0 0f |x; b1
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Direct Methods for Solving Linear Systems
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In this chapter we consider direct methods for solving a linear system of n equations
in i variables. Such a system has the form

Ey: anxi+apn+ -+ awx. = by
Er: anxi+anx+ -+ axy, = b,

(6.1)
E,: amxi +agx:+-- + @uxs = by

In this system we are given the constants a;;, foreach i, j = 1,2,...,n, and b;, for each
i=1.2,....n, and we need to determine the unknowns x,,....x,.
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6.1 Linear Systems of Equations

We use three operations to simplify the linear system given in (6.1):

1. Eqguation E; can be multiplied by any nonzero constant A with the resulting equa-
tion used in place of E;. This operation 1s denoted (LE;) — (E;).

1. Equation E; can be multiplied by any constant A and added to equation E; with
the resulting equation used in place of E;. This operation is denoted (E; 4+ AE;) —
{_Ej}

3. Equations E; and E; can be transposed in order. This operation 1s denoted (E;) <

(E).

By a sequence of these operations, a linear system will be systematically transformed into
to a new linear system that 1s more easily solved and has the same solutions. The sequence
of operations 15 illustrated in the following.



IHlustration

4+ x -|—3.1'4:

2o+ x— x4 ox=

I — x— m4+2n=-—

—x+2+In—- u=

4.
1,
3,
4,
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Ei: x4+ x + 3y = 4,
E:: 2o+ xo— my+ xy= 1,
Ei: 3xy— xv— x342xy4=-3,
Ey: —x1+2043n—- = 4

(Ey —2E)|) — (E3).(E5 — 3E}) — (E3). and (E4 + E1) — (E4).

(B3 — 4E7) — (E5)
(Ey 4+ 3E7) — (E4).

Ei: x14+x + 3xy= 4,
E> - —x— x31— Smy= -1, 6.3)
E3 . 3.1'3 + 13.1'4 = I?h
E4: —13.1'42—13.
The solution to system (6.3), and consequently to system (6.2), 1s therefore, x; = —1,

=2, x3=0 and xg = 1.
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The earliest recorded analysis of simultaneous equations is found in the
ancient Chinese book Chiu-chang Suan-shu ( Nine Chapters on Arithmetic), es-
timated to have been written some time around 200 B.C. In the beginning of
Chapter VIII, there appears a problem of the following form.

Three sheafs of a good crop, two sheafs of a mediocre crop, and
one sheaf of a bad crop are sold for 39 dou. Two sheafs of
good, three mediocre, and one bad are sold for 34 dou; and one
good, two mediocre, and three bad are sold for 26 dou. What is
the price received for each sheaf of a good crop, each sheaf of a
mediocre crop, and each sheaf of a bad crop?

Today, this problem would be formulated as three equations in three un-
knowns by writing

3+ 2y + 2 = 39,
2z + 3y + 2z = 3,
T + 2y + 3z = 26,

where z, y,and 2 represent the price for one sheaf of a good, mediocre, and
bad crop, respectively. The Chinese saw right to the heart of the matter. They

Que tal resolver o sistema mais antigo que se tem noticia ?
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