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Notes on the replica symmetric solution of the classical and quantum SK
model, including the matrix of second derivatives and the spin glass

susceptibility.
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A review of the replica symmetric solution of the classical and quantum, infinite-range,

Sherrington-Kirkpatrick spin glass is presented.

I. INTRODUCTION

These notes assemble together many results on the replica symmetric (RS) solution of the
infinite-range Sherrington-Kirkpatrick H], (SK) model. The quantum version, in which a transverse
field is added, will be discussed in detail, as well as the original classical version. Little here is
original, and the bibliography indicates original sources. Some of the material is taken from an old
review article [2].

In fact, the (RS) solution is unstable below the critical point, and the correct solution, which
is much more complicated, was found by Parisi H, u], several years after the model was originally
proposed. In a magnetic field, there is a line of transitions, first found by de Almeida and Thou-
less [5], in the temperature-field plane below which the RS solution is unstable. This is known
as the AT line. Almeida and Thouless obtained this line by looking at the stability of the RS
solution with respect to fluctuations in the order parameters. Here, we shall discuss this stability
matrix, both in the quantum and classical cases. At the point where the RS solution goes unstable,
a response function called the spin glass susceptibility, X, diverges. We shall compute x, for
both the classical and quantum case. Our expression for x,, in the quantum case, seems to be

new; probably the only new result in these notes.

II. THE CLASSICAL SK MODEL

The Sherrington Kirkpatrick (SK) B] model aims to provide a mean field solution of the spin

glass problem as the exact solution of an infinite range model. The Hamiltonian is

H=-> Ji;SiS;, (1)
(i.4)
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where the S; are Ising spins, s; = £1, and the J;; are independent random variables with the same

distribution for all pairs ¢ and j,

P(Ji;) = 7 \/ o exp (—NJZ-j/ZJ ) , (2)
so the mean is zero and the standard deviation is J. The spin glass transition temperature is at
T.=J. (3)

The model is solved by the replica trick, see e.g. [6], according to which one calculates the
average free energy, i.e. the average of the log of the partition function Z, from the average of the

n-th power of Z in the limit n — 0. One has

172" =[] UZ P(Jz'j)dJi,j] >

(N {57 =+1}

_ (5'])2 & a ga b oB
= D e | Dl DL StSSIS] (4b)

{sp=+1} (i.4) 0.f=1

exp ﬁZJijZS?S}X , (4a)
=

where [- - - ],y denotes an average over the quenched bond disorder. Separating out the « = 3 terms,

and dropping some 1/N corrections gives

n 1 2 (5'])2 a B ’
(Mo = exp [§(B1)’Nn] Y exp | =5 D | D8PS | (5)

{So=+1} a<B \ i

We decouple the square using the Hubbard-Stratonovich transformation for each pair of indices

00 2
Xa? /2 _ i o :E_
e \/271 /_oodxexp[ )\2 +a/\x} (6)

a < B,

with
BJ o B
A=N, a:—N EZ Sz Sz s x:(BJ)QaB (7)

which gives

[Z"]av = €exp [%(ﬁ,])%\fn] H [\/g(ﬁJ) /_00 dqagl X

a<f

2
@ Z qig + NlnTrexp[—H] | ,
a<f

exp | —N



where

H=—(B))" qap5*Ss°, (9)
a<f

and the trace is now over the n Ising spins S¢. The N sites 7 have been decoupled and so the trace

over each spin gives the same result, namely Trexp(—H). We can write Egs. (8) and (@) as

17" = 11 [\/g(ﬂaf) /_OO anB] exp [-NnSf(q)] (10)

a<p
where
— Bf(¢g) = lim @_@ 2 +llo Tre H (11)
V=1 4 4dn ) ap 7 108 ’

where the notation («, ) means sum over all distinct replicas (so each pair is counted twice).
Because of the overall factor of N in the exponent in Eq. (I0), we will evaluate the integrals by
the method of steepest descent. Neglecting subleading terms, the answer is just the exponential
in Eq. (I0) with the g, evaluated at the saddle point, i.e. the g, are given by a self-consistent
solution of

Tr S«S8 e=H o
dap = T Tre-H (Z (S Sﬁ>> ) (12)

where the average (---) is with respect to the weight e~ with the ¢ap taking their saddle point
values.
We look for the replica-symmetric solution where each of the n(n —1)/2 order parameters ¢,

takes the same value ¢g. In this case

B 2
H=—3(80) ) 5°8° = 3(87)% (Z Sa) s 13)
(a,8) | N @
SO
B 2
_51‘:71}1)% @(1—q)2+%lnTr exp @q <ZSO‘> . (14)

We decouple the term quadratic in the spins by another Hubbard-Stratonovich transformation,

Eq. @), with A = 1,a = 3.J¢/? YoaS% =2z e

2
2 1 [ o
e P55 <ZSQ> kv 7 R (15)



Hence
2
2 o]
Tr eXp (5‘2]) q (Za: SO!) — \/%/_Oo dZ 6—22/2 Treﬁqu/QZZa S& (16&)
= \/%/_Oo dze ?'/? <2coshﬁJq1/2 z)n (16b)

1 o0
=1+ n\/—2_7r /_oo dze * 12 In(2cosh BJ¢" /% 2) + O(n?),  (16¢)

where the last line expands the result in powers of n. Substituting into Eq. (I4]) and taking the

limit n — 0 gives the free energy of the SK model in the replica symmetric ansatz as

—Bf = —(521])2 (1—¢q)?+ \/% /_Z dze=*"/2 In(2 cosh BJq'/? z). (17)

The order parameter ¢ is obtained by finding an extremal value of f. This gives

(87)? 1 BJ
9 (1_q)_EW

Integrating by parts gives the final self-consistent equation for q.

/ dze* 1% tanh(8J¢"/? z). (18)

1 (e e]
q= E/ dze /2 tanh?(3.J¢"? 2). (19)

This can also be derived by noting that ¢ (= gas) = (S*S”), where the average is over the weight
e, see Eq. (I2). Using Egs. (I3) and (1)), one readily obtains Eq. (I9).

Next we consider fluctuations about the saddle point, i.e.

Gop = q+ 5(]015 . (20)

The first derivative of f with respect to g,z is zero so we go to the second derivative of f in Eq. (1)),

i.e.
BIa = Afla)+ lim o ST AP, 6,5 (1)
a<fB,y<d
where, from Eq. (1),
&*(Bf)
afys —
4  04a0qys (xn),
= (B1)*0apqs — (BI)* [{S787578%) — ($SP)(57S°) | | (22)

Firstly consider T > T., where H = 0, so (S*S?) = 0 and hence only the (a, 8) = (v,d) term

contributes. Thus

AP = 5,505 (BT) (1— (BT)?) . (23)



Now A is a matrix of size n(n — 1)2 so above T, all n(n — 1)/2 eigenvalues are equal and given by

A= (B2 (1—(B])?}) (T>T.). (24)

Now we consider T' < T,. There are three types of term:

* (af)(ap).
Here we have S*S#878% =1, and (S*S?) = (§75%) = ¢. Hence

(BJ)2AP0P =1 — (BI)*(1—¢*) (=P, say). (25)

e (aB)(a7) with 8 # 1.
Now (§*888287) = (S887) = ¢q. Also (§*SP) = (S7S%) = ¢q. Hence

(B)2A% = —(81)*(a—¢*) (= Q. say). (26)

e (af)(vd) with all indices different.
As before (S*S8) = (S75%) = q. What about (S*S#S7S8°)? From Eq. (I6al) we see that the
(unnormalized) probability distribution for the {S®} is

1 /OO d —22/2 BJq1/2zZ S
— ze e a?
V2T J o
Hence

dze /2 Tr 558 5780 fIa'/? 2 o 5°

[ 1 (oo
(S°SPS7S%) = lim | V2T S
n—0 Lfoo

Var J—oo

-\/% ffooo dze=*"/2 sinh*(B.Jq'/?2) cosh"4(5,]q1/2z)}
= lim T

dz e=72/2 Ty e84/ 2 1, S

i = [ dze P cost™ (8¢ /2)

1 [ :
= — dze *"/? tanh*(B.Jq'/?2 = r say). 27
=~/ (8Jq"22) (=7 say) (27)
Hence, for all indices different,

(BJ) AP0 = —(BI)*(r—q*) (=R, say). (28)

According to de Almeida and Thouless [3], the important eigenvalue, the one which goes nega-

tive, is the “replicon” mode, A, where

A= (BJ)* [P —2Q + R]. (29)



Hence

= (BJ)* [1 = (BJ)*(1 — ¢*) +2(8J)* (¢ — ¢*) — (BJ)*(r — ¢°)]

= (BJ)* [1 = (B)*(1 =2 +7)] | (30)
= (BJ)? {1 —(BJ)? / dze 212 [1 — tanh?(8Jq¢"/%2 )] } . (31)
Next we compute the spin glass susceptibility x . defined by
11 & )
Xso = Tax O [(Si85) = (S ()] (32)
ij=1

Frequently the factor of 1/7?2 is omitted because it varies smoothly near a classical transition at
finite T" but here we will eventually consider a quantum transition at 7' = 0 so we include it.

Considering the terms separately, it is standard to show, see e.g. Binder and Young [2], that
they can be expressed as

1

[(:8,)%],, = lim ———— Y~ (52595787), (33a)
a5 0 n(n — 1) o J
GNGNG. = lim agagh g
(S8 Sy =l oy ey (C%)(SZ S75757), (33b)
[(5)2(5,)2]. = lim 1 S (sesls1s), (33¢)

n=0n(n—1)(n —2)(n —3) (a,B,7,9)

where the averages on the RHS are with respect to the weight factor in Eq. (b)) and the notation
(c, B) etc. means all distinct sets of replicas are to be summed over. Note that each thermal average
on the LHS of Egs. ([83)) corresponds to a distinct replica on the RHS.

To calculate these averages we add a set of fictitious fields A,z which couple to ), Sf‘SiB , L.e.

[Z"aw= D> exp Z Z SESPSIST 43 A 5250‘55 : (34)

{So=+1} (i.5) a,B=1 a<p

Note that for n — 0 there is no normalizing denominator so

> (8¢87) = lim (2" (35a)
- n—0 ap
> (808757 82) = lim _r [Z"] (35b)
n—0 aAaﬁA'y6 av’

.3
in which the replicas «, 3,7,d can take any values subject to the restrictions @ < 8,7 < §. We
note that [Z"],y is still given by Eq. (I0), with 5f(q) still given by (III), but now

= —(89)* ) [aas — (BI) 2 Aap] 557 (36)

a<p



We define shifted variables u,z by

Uag = Qo — (BT) Dag (37)

so the A,g no longer appear in H but rather in the quadratic term in Eq. (1), so

: (BJ)2 1 2 2 —2A2 1 —H
= Bf(g) = lim | = — (% {(BI)ucs + 28apuap + (B) 7 Ags} + —log Tre™ | (38)
where now
H=—(B)) uaps*S”, (39)
a<f

and the u,pg have to be integrated like the ¢,3 in Eq. (I0). Performing the derivatives in Eqs. (B5)

we get
1 o .
~ 2_(8757) = lim(gas), (40a)
1 a . -
& D (57578787) = lim [~ (BT) dap s + (008 435)] (40b)
0,

where the averages are to be evaluated with A,g = 0.

Hence, from Egs. (32)), (33) and ([@0h) we have!

1

~ T2 [—(B1)7% +(dag) — 2(dapdar) + (dapts)] - (41)

XSG

We write

qap = qc + 5(]015 (42)

where ¢ is the value of the g, at the (replica-symmetric) saddle point. Inserting Eq. (42) into
Eq. (4I) the factors of ¢, cancel and so we have

1 1

Xsa = _ﬁ + ﬁ |:<5qgcﬁ> - 2<5Q(155(]a“/> + <5Q(155Q'\/6>] . (43)

The averages involve Gaussian integrals which come from the weight given by Eq. (I0) in which
fl{q}] is given by the quadratic expression in Eq. (2I]).

We will need the result that if a set of variables x; have Gaussian distribution, i.e.

P({z}) o exp[—3z;Aijz;] (44)

! Unfortunately, in Eq. (4.47) of the review of Binder and Young |2], which is the equation corresponding to our
Eq. @), the term —(8J)~? is missing.



then correlation functions of the x; are given by

(wiwj) = (A7) (45)

ij
The combination of averages in Eq. (@3] corresponds to the “replicon” eigenvector of the matrix

A, see Eqgs. (28)—([29). Hence, from Eq. ([@3]), these averages just give the inverse of the replicon
eigenvalue \, in Eq. (80) so

__%+%1—(ﬁj)2(11—2q+r)’ “7)
=0z (ﬁ1J;2?fj;q ) )
If we define
Xsa = B2(1 —2q + 1), (49)
then
0
Xso = T g (50)

a result which is very reminiscent of the random phase approximation.
Equations ([49) and (B0) are also valid in the presence of a field, either uniform or random,
provided the expressions for ¢, r and A, in Eqs. (I9)),([27) and (31]) are modified appropriately. For

1/2

example, for a Gaussian random field with standard deviation h, the factor of J¢'/“ is replaced by

(J2q+h?)'/2, see Refs. [7,18], and for a unform field, Jq'/2z is replaced by J¢'/2+h, see e.g. Ref. [2].
In the paramagnetic phase, where ¢ = r = 0 and so Xg o= (2, we see that X has the simple

form

1

Xse =20 T'>Te=1), (51)

which shows that the transition occurs when 7' = J, as is well known [1], see also Eq. ().

III. THE QUANTUM SK MODEL

Now we make the model quantum by adding a transverse field.

H=— Z Jijoios — ht Zaf . (52)
(i.5) i



This model has been studied in many works, including Refs. [9-17], and these notes will use their
methods.

The standard approach is to use the imaginary time path integral formulation [18], where
imaginary time, 7, is in the range 0 < 7 < 8 and there are periodic boundary conditions in the 7

direction. Imaginary time is divided into M time slices, each of width

AT = % . (53)

The partition function is then given by the action

Z = Trexp Z ZJZJS AT—l—KTZS Sil+1) |1, (54)
=1 \(i,5)

where
e 2K7 = tanh(hT A7), (55)

and the S;(I) are Ising variables at each site ¢ and time slice I. The K7 term is a ferromagnetic
coupling along the imaginary time direction. Now we replicate, in order to average over disorder.
Disorder averaging does not alter the K7 term because it is not random, so averaging over the .J;;
term goes through as for the classical case, but with the addition of the imaginary time indices.

The analog of Eq. (D)) is

n

T 2M
2= Y en| LS TS stososio)s) o) +

{52 (1)} =+1 LU=1 (i,5) a,B=1

K™y Z Z S(1)S& (1 + 1)] .

i =1 a=1

In the first term in the exponential we consider separately the a = § and « # § terms.

e o = [ terms.

Z ZZSQ S (1SS (1) (57)

LI'=1 (i,j) &

_ %Z Z (Z s;v(z)sg(z')> , (58)

a=11I=1 \ i

where we have neglected terms of order 1/N. We will decouple the square using a Hubbard-

Stratonovich (HS) transformation as we did to go from Eq. (@) to (&]).
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e « # 3 terms.

M 2
S % (ng<z>sf<w> , (59)

a<Bll'=1 \ i

We will do a HS transformation for this too.

The result of the HS transformations is

(27, = H [\/g(ATJ) /_Zdra(u’)] H [ %(ATJ) /_quag(l,l')]

Ll a<B Ll (60)
_E 2 207 1 _E 2 2 ’ —H\N
exp | =~ (ATJ) Zra(l,l) 5 (ATJ) Z Qs 1) (Tre )",
L o Ll a<f
where
—(ATJ)? erazz )SUMS* Y+ DD aap(l, 1) S S (1)
a L a<B LU (61)
—KTY ) SU(0)SH (1 +1).
a ]

We have time translational invariance so go(l,1’) is only a function of Al =1 —1’, and similarly

for ro(1,1"). Hence
"N = N T h r N T h
2.0 = 11 N;m 7 [ aralan s N;m 7 [ daastan

a,Al

(62)

exp [—%(ATJFMZT%(AZ — g(ATJ)zM Z qu(Al)] (Tre_H)N )
Al Al,a<f
where
H=—(Ar])? era Al) Z DS U+AD+ D> gas(Al) Z “(1)SP(1+ Al)
«a a<f Al
—KT) ) S DS (1 +1).
a ]
(63)
We minimize w.r.t. gog(Al) and 74(Al). This gives
ro(Al) = (SY(0)SY(AD)), (64a)
Gap(Al) = (5(0)S7(AD)), (64b)

where the average is with respect to e ¥ and we have used time translational invariance.



11
We write Eq. (62]) as

27 =11 [\/gmf) /_dem)] 1T [\/gm]) | daastan

exp[—NnfBf] (65)

a,Al a<B,Al
where
_ 1 _i 2 2 i 2 2 l —-H
Bf =lim |——BAT] %ra(m) 5 BATT Z:B;qaﬁ(mwn InTre . (66)

We evaluate the integrals in Eq. (63]) by steepest descent and look for the replica symmetric solution:

ro(Al) = r(Al), (67a)
dap(Al) = q(Al). (67Db)

This yields

1 1 2 2 1 2 2 1 —H
—Bf = lim |- BATJ > r(Al + BAT > g (Al) + ~ InTre ] (68)
Al Al
where
H=—(Ar])? Z (Al) ZZSC“ )S(1 + Al) +Z (AD) DD 52 (1)SP (1 + Al

a<f 1 (69)

—KT) ) S 0)S* (1 +1).
l

o
Now we need to think about the physics. The parameters g(Al) are order parameters, corre-
sponding to a product of a single spin in two replicas. We expect these to be independent of time.

Hence we will assume that ¢(Al) = q. Consequently

— Bf = lim
n—0

—%BATJ2 ZT(AZ)2 + i(BJ)2q2 + % In Tr e_H] : (70)

Al

We write the second term in the expression for H in Eq. (69]) as follows

<ZZS )2 =) ) SH )8 (1 + Al

AT 3 8 ()8 1) = (AT )3

ll 7l2 (avﬁ)

(71)
The second term on the RHS of Eq. (71l) can be combined with the r term in Eq. (69). The K7

term in Eq. (69) can also be combined so we define

T(Al) =r(Al) — g, (Al #1),
F(Al) =r(Al) — g+ K™ /(AT)2.  (Al=1), (72)
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The square in the first term on the RHS of Eq. (1) is decoupled by a Hubbard-Stratonovich

transformation, as in the classical case, see Eqs. (IG), i.e.

2
= L = _22/ (AT‘])2 — o « / o
\/ﬁ/_m dze”* P Trexp [Z( 5 %T(AZ)ZZ:S (DS (1 + Al + (A7) %2> 8 (z))]

« l

Trexp

1 [ H\"
:E/ dze™" /2 (Tre_H(Z)) (73)

in which H(z) is given by

H(z)=—(ArJ)? Y {r(lh — ) —q} S(1)S(l2) — K™Y SNS(I+1) — (ArJ)g" %2> S(1),

(l1,l2) l l

(74)
where we used Eq. (T2). We see that H(z) is the Hamiltonian of a one-dimensional chain with
long-range interactions, in which there is a (uniform) field proportional to ¢'/2z

Expanding Eq. (73] in powers of n and substituting into Eq. (68]) gives

M

—iﬂmﬁ > A+ i(ﬁJ) i — / dze * 2 InTre~ H<Z>] (75)

Al=1

61 = i,

Now we determine the self-consistent equations for 7(A7) and g.

r(Al).

1 1 [ e [(ATD)2 T 32, 8(1)S(1+ Al)e H
~ BATI*r(Al) = — dze > /? L _
25 Jr(Al) o /_OO ze { 5 - : (76)

SO

r(Al) = \/% /_ Z dze /2 (S(0) S(AD) )5, (77)

where we have used time translational invariance and

(- )77 indicates an average over the spins with weight e H.

(ﬁJ / dze 1% x
{ (zAlT/Jz zTr (Zl S(l)e —HE > - —(ATQJ)Q Tr > A SIS+ Al)e‘z(z) } 78)

Tre—H(2)
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As in the classical case, we integrate by parts with respect to z in the first term in curly brackets.

This gives
_ L [T e
— (8J)%q = m/_ood 2
(ﬁf/;” (ATJ)q"/? Z(<S<z1>5<l2>>ﬁ —(S))x <S(lz>>ﬁ> — (AT Y (S()S(l2))7 ¢ -

ll,lz 11712

(79)

which simplifies to

1= [ AR SO (50)

where the average of a single spin (S(0))7; could be evaluated at any time slice because of time
translational invariance.

We now check that we recover the standard results for the SK model when we take the classical
limit 7 — 0. From Eq. (55)) this corresponds to K™ — co. Hence all spins along the time direction

are fully correlated. It follows that
(S(0)S(Al) =1, for all Al, (81)
and so, from Eq. (77),
r(Al) =1, for all Al (82)

In H(z) in Eq. (@) the first two terms are constants which cancel when computing averages. In

the third term all the S(l) are equal and so we can write >, S(I) = M .S where S = £1, so
(ArJ)g' %2y S(1) = (B])q"?2S, (83)
!
exactly in the classical case, Eq. (IE]). Hence
(S()gr = (S)gr = tanh(8Jq"/%2), (84)

and the self-consistent equation of ¢, Eq. (80), reduces to the result for the SK model, Eq. (I9]).
We now consider the stability of the replica symmetric solution in the quantum case. The free

energy is given by Eq. (66 (but with g, now independent of Al) and H given by Eq. (63). The

stability has to be determined with respect to the n(n — 1)/2 static order parameters g,g and the

nM correlation functions r,(Al). The matrix of second derivatives therefore has the form

A B
T = , (85)
BT ¢
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where A is a matrix of dimension n(n —1)/2 x n(n — 1)/2 which describes fluctuations in the g,s3
sector, C' is of size nM x nM and describes fluctuations in the r,(Al) sector, and B, which is of
dimension n(n — 1)/2 x nM, describes the mixed second derivatives.

For the classical case, i.e. the SK model, de Almeida and Thouless (AT) [5] showed that the
instability comes in the “replicon” eigenvector of A, see Eq. (B0)). AT also showed that, in cases
where one also has to consider terms diagonal in replica indices (such as the 7 terms here) the
replicon eigenvector has zero values for these components. Here we assume that the replicon mode
will still be the important one, and so we will neglect the sector involving the r terms [13]. Thus
we just need to consider the n(n — 1)/2 x n(n — 1)/2 matrix A, and so write the expansion of the
free energy as in Eq. (2I)).

Taking the derivatives in Eq. (68]), we find that A” 9 the matrix of coefficients in the expansion
in Eq. (2I)), is given by

Aoﬁfy(s — 82(5]0) (xn),

 0¢ap0qys

= J2BATM S5 — (BAT)' Y0 [(S%(1)S7(12) 87 (15) S (1)) — (S°(1)S7 (12))(S7 (1) S° (1))
l1,l2,l3,l4

= (8)Saps ~ BN | |1 D0 (WP RIS WS W) | - 2 (56)
l1,l2,l3,l4

where we used that (S%(1;)S?(l2)) for a # j is independent of the values of 7 and is just order the
order parameter ¢,3( = ¢ here since we expand about the replica symmetric solution). Eq. (86]) is
the generalization to the quantum case of Eq. (22]).

As for the classical case, we have to consider three cases depending on which replica indices
are equal, see Eq. (28]), (28) and (27)). The averages are to be evaluated in the replica symmetric
solution, so the spin averages in each replica are to be evaluated with weight e‘ﬁ(z), where H(z) is
given by Eq. ([4)), and finally the combined average over the different replicas is to be averaged over
the Gaussian random field z which has zero mean and standard deviation unity, see e.g. Eq. (80)

which is for an average over two different replicas.

* (af)(ap).

Y S s s ) | = o [T dee (S ss)

l1,l2,l3,l4 T J—oo
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o (af)(ay) with § # 7.

(1\;4 > (50‘(l1)56(lz)50‘(13)m(z4)>) _

l1,l2,13,la

2
% _oodze—z2/2 (&2 <S(11)S(lg)>H) (%ZRSUHH) .

e (af)(v6) with all indices different.

4
L o (1158 5 R S P _
(M4 > (58 (1)S715)S <z4>>) — = [ e <M§lj<s<l>>H> -

l1,l2,l3,l4

As in the classical case, defining (£J)"24%%28 = P (BJ)"2A%%27 = Q, and (BJ)"2A%%7% = R,

the replicon eigenvalue is given by

(BI) 72X\, =P —-2Q+R

1 e 2
=1-J% = dze % /2
\/27'(' /—oo

The correspondence with the classical (SK model) result in Eq. (31 is clear.

l

Z(AT{<S<0>S<Z>>H—<s<o>>H<s<z>>H})] | (90)

To summarize, averages denoted by (---)z are with respect to weight e~ () where H(z) is
given by Eq. (74]). The M — 1 values of r(Al), as well as ¢, are to be determined self-consistently
from Egs. (T7) and (80).

In the continuum limit the expression corresponding to Eq. ([Q0) is clearly

2

o ae=1-2 o [ aet e ] [ ar((5086) - (500 (s@)g)] - on

In the paramagnetic phase, single spin expecation values vanish, and so does ¢, and the integral

over z gives unity, so

)\r(/BJ)z{l

2
Z(AT<S(0)S(T) >H)] } (where ¢ = 0). (92)

l

The phase boundary is where A, = 0, i.e.

1=JAT Z(S(O)S(l) Y7 (on phase boundary) , (93)
l
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where now, since ¢ = 0,

H=—(ArJ)? Y r(lh— 1) S()Sl) = K7Y _SOSI+1),  (ifg=0),|  (94)

(l1,l2) l

see Eq. ([4).
As for the classical case we want to calculate the spin glass susceptibility, since the divergence
of this quantity is governed by the vanishing of the replicon eigenvalue. In the quantum case, x4,

is given by

_ 1 Z [(/ (1) (0)) — (07)(%)] dTﬂ . (95)

zgl

In the path integral formulation, this becomes

1 N
SG:NZ

J=1

2
<Z i(lo +1)Sj(lo)) — (Si(l0))(S;(lo))] AT) ; (96)

=1

av
where we have discretized imaginary time as before.

We consider each term separately, and average over all possible time slices, which means sum
over four time labels and have to divide by M?. We follow similar steps to those in the classical

case in Sec. 1

M
T Y (SiS;09)) (5:(05)5;(1) =
11,l2,l3,l4=1
LSS s asiasi), om)
(aﬁ)ll,lz,lg,hl 1
1 M
— D (Si)S;(12)) (Si(1)) (S (1)) =
l1,l2,l3,l4=1
= }Hmm_l T o Z (521185 (12) 5 (13)5] (14)).  (97b)
( Byy) lyl2,ls,la=1
1 M
e D> (Sil) (S;(l2)) (Si(l)) (S;(la)) =
l1,l2,l3,l4=1
%iﬂ%n(n_l)(nl_g ;2 Z (52 (1)S0 (12)57 1) (1)) (97c)

(a B:7,6) l1,l2,13,l4=1

where the sums (a, 3,7) etc. are over all distinct pairs of replicas.
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How do we do the averages in Eqs. (O7)? We refer to Eq. (56) which we reproduce again here,

in a slightly modified form.

T 2 M
2= > exp[(AzA{) > 3 <Zsg(z)sg(z)s?(z')sf(z%

(5o ()y=1

+) SIS () Sl SE >+KTZZZ$@ 5a1+1] (98)

[e} i =1 a=1

We now add fictitious fields A, in in Eq. ([@8), i.e. we add

1 N M
T2 s D SE(L)S] (1) (99)

a<f i=1 l1,lp=1

in the exponent. Remembering that, for n — 0, there is no normalizing denominator, we have

M
1 o 3 B .
P ;llgzl<si (18 (12)) = Yy 53— 2", (100a)
1 M 92
- 3 a B 5 "
M4 Z <Sz (ll)SZ (12)5;{(13)53 (l4)> lel—H;(l] m [Z ]av7 (100b)

4,3 li,l2,l3,la=1
in which the replicas a, ,7v,0 can take any values subject to the restrictions a < B,7 < 4.
Proceeding as earlier in this section, we get to Eq. (6h]) but with the A,g added, and also assume

that go3(Al) is independent of Al for a # 3, a result which we assumed above but at a later stage.

This gives
N o
1z, = H [Hz—(ATJ)/ drq (Al) H [\/2— (ATJ) / dq(w]
T — —00
a,Al N a<f N (101)
_H\N
exp [—Z(ATJ)ZM Z r2(Al) — E(ATJ)2M2 Z qgﬁ] (Tre H) ,
Al,« a<f
where
H=—(A7J) era (Al Z (DS*(L + Al)+
“ (102)

> Z <an - (ﬁj)—2Aa5>sa(zl)sﬁ(12)] — K7 NSS4 1),

a<fly,l2=1 (e l

As in the classical case we define shifted variables by

UaB = GaB — (BJ)_2A<XB > (103)
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in terms of which

77, =1 [\/g(ATJ) /_ Z dra(Al)] 11 [\/g(ATJ) /_ Z dqagl

a,Al a<p

exp [—%(ATJ)QMZT(E(AI) - g Z{(w) 5+ 200 gtas + (BT) A2 H (104)

Al,a a<f
(Tre )™
where
H=—(A1J)? sz Al) Z (1) S*(1 + Al)+
: (105)
> Z UapS®(11)SP(la) | — K™Y > 8 (1)S(I+1).
a<fBlila=1 a l
Doing the derivatives in Eqs. (I00) gives
11 o B _
N 2 Z ll%::1<5i (11)57 (I2)) = lim (gag), (106a)

M
%%Z Y (SH)S](12)S] (13)S5 (1)) = lim [~(87) *Gaps + (das dr0)] . (106b)

1,7 l1,l2,l3,l4=1
where the averages are to be evaluated with A,3 = 0. Notice the strong similarity between
Eq. (I06D) and the corresponding one for the classical case, Eqs. (40h).
Referring to Egs. (96]), (O7) and (106D]), we see that x,, is given by

o =B [(=B)) 7+ (d2p) — 2(40 Gon) + (90 015)] (107)

where we used that MA7T = 3. Note that Eq. (I07) is identical to the corresponding classical

result, Eq. (4I]). Separating out the replica symmetric saddle point value ¢, as in Eq. (@) we get

1 1
Xsag = _J + = T2 [<5qa5> <6QO¢ﬁ 5Q()ry> + <5Qaﬂ 5Q'y5>] : (108)
The averages in Eq. (I08]) are over Gaussian integrals given by the weight in Eq. (63]) in which f
is given by the quadratic expression in Eq. ([2I). The combination of averages in Eq. (I07)) just
corresponds to the “replicon” eigenvector of the matrix A, see Eq. (O0) and Eqgs. (86)—(89). Hence,
according to Eq. (45)), these averages just give the inverse of the replicon eigenvalue in Eq. (@0).
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Consequently the spin glass susceptibility is given, in the quantum case, by

1 11
Xs¢ = 73t 757 (109)
J? O T? ),
1 1 1
I S (110)
J?  J?1-— JQX(;G
0
Xsc
=56 111
1_ J2X2G7 ( )

where

2
ZAT(<S<0>S<Z>>H—<s<o>>H<s<z>>H)] 1)

l

X2 = L /00 dze '/
SG /271' oo

In the paramagnetic phase, the single spin averages in Eq. (I12]) vanish, and ¢ = 0 so the integral

over z gives unity. We therefore have

0 _
Xsa =

2
> (Ar(s©)s) >ﬁ)] . (forq=0). (113)

l

Equations (IT1]) and (II3]) have recently been verified by comparing with series expansions [19].

IV. CONCLUSIONS

We have derived in detail the RS solution of the classical and quantum SK model. This solution
is unstable at low temperatures, longitudinal fields, and transverse fields, but the expressions
derived here, in particular the results for the replicon eigenvalue and the spin glass susceptibility,
are those use to show the instability of the RS state. These notes are largely an assembly of

existing results; one result which seems to be new is that for y,, in the quantum case, Eqgs. (I11])

and (I12).
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