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Argyris ~1974
A membrane finite element based on natural deformations 
(mesured along the sides of the element), 
able to cope with large displacements and large deformations. 

• Akin to a “strain rosette” plane stress finite  element:

Pauletti (2006)
• first publication on  the natural force density concept
R.M.O. Pauletti, “An extension of the force density procedure to membrane structures”
IASS Symposium / APCS Conference – New Olympics, New Shell and Spacial Structures,  Beijing, 2006

Argyris’ Natural Membrane Element

Meek ~1991
•A corrotational description;
•Small strains.

Pauletti ~2003
•a more concise notation;
•distinction between the constitutive and geometric 
parts of the element tangent stiffness;
•the “simplest possible membrane finite element”:
•large displacements / small strains (a few percent…)
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0ŷ

0

ryy ˆ,

rxx ˆ,
rzz ˆ,

Reference, Initial and Current Configurations
For Argyris Element
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Element Description

Side lenghts:



1n
2n

3n

ˆ
i i=ρ nσ

Side stress vectors:

Cauchy Plane Stress Tensor:
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Element Stress Field and Vector of Internal Nodal Forces
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Vector of internal nodal forces:
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The vector of internal forces can be
decomposed into components parallel to 
the element sides:
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Vector of Natural Forces

Vector of Natural Forces
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Comparing both expression available for pe:  

We obtain the Vector of Natural Forces, as function of  Cauchy Stresses, and we
identity some “Natural Stresses” ( ):

Natural Stresses
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Vector of Natural Stresses

We group the Natural Stresses” ( ) in a Vector of Natural Stresses:
1 2 3, ,  

ˆT

n

−=σ T σ

Exercise 11. Verify the above expression! 
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Relationship between the Vectors of Natural 
Forces and Stresses

In matrix form:
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Indeed, by the Principle of Virtual Work: 

Thus: ˆT

n

−=σ T σ , as deduced before.

We remark that       and       are energetically conjugate. 

The deformations along the sides 
of the element are collected in a 
‘Vector of Natural Deformations’:

ˆn =Tεε
Linearized 
Green 
Strains

Vector of Natural Deformations

nε

Exercise 12. Verify the above expression! 
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Tangent Stiffness Matrix for Argyris’ Element 

Geometric Stiffness Matrix

Exact!
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Tangent Stiffness Matrix for Argyris’ Element 
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Exercise 13. Verify the above expression for kext! 
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Defining the vector of  Natural Displacements
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Tangent Stiffness Matrix for Argyris’ Element 
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A simplification:    Linear elastic material behavior

Where                       is a 3x3 constant natural stiffness matrix

Thus, a linear relationship                       exists   

r T

c n=k Ck CAnd therefore

?!

Tangent Stiffness Matrix for Argyris’ Element 
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A linear elastic simplification for Kc
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A linear elastic simplification for Kc
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And we arrive to the Natural Stiffness Matrix, (considering small deformations):
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An order 3, symmetric matrix, that can be calculated and stored at the start, and rotated 
at each Newton’s iteration, according to the co-rotational element coordinate  system: 

A linear elastic simplification for Kc



deformed shape, 
as calculated by SATS

comparison between SATS
and theoretical results

A benchmark: 
an axisymmetric pressurized membrane


