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A System of Central Forces :

Interaction forces between nodes i and j:
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A System of Central Forces :

Unbalanced load vector 

−=g P F

( )* * =x g x 0Find Solve for Equilibrium:
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Defining a Displacement Vector: 

We can alterantively solve: 

Newton’s Method:
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A System of Central Forces : Considering the existence of b elements, 
we define a vector of element loads:

Element (e), conecting nodes i to j, 
contributes to P with a load -Pij at 
node i and a node +Pij at node j:

“Geometric operator” for element (e): ( )e
C

And an element unit vector
( )e

ij=v v



Gobal geometric operator:
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The tangent stiffness then becomes:

Global Internal load vector:



( )( ) 0t+ + =uMu Cu P F

Alternative Method: Dynamic Relaxation
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Force Density Method (shape finding):
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Geometrically Exact Truss/Cable Element
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Geometrically Exact Truss Element
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Geometrically Exact Truss Element
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Summary: Geometrically Exact Truss Element



For each element, we can partition the stiffness matrix into columns:
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In MATLAB environment, in a desktop computer with Intel’s i7-3770s CPU,
we found a good performance with
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A hanging cable modeled with truss elements, 
solved through Newton’s Method. Several iterations are shown:
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Exercise 6: Consider an assembling of two elements of length 
L/2, as shown in figure below. 
Assemble the stiffness matrix of the system, according to the 
formalism shown previously, and show that the stiffness of the 
intermediate node, in the vertical direction, is 



1

b
eT e

e=

=P A p

e e

e ee e

j i

N N
n = =

−x x

3 3

3 3

e

d en
− 

=  
− 

I I
k

I I

Force densities for truss / cable elements

Force Densities:

Constant element stiffness:

v

2p

1p

3 3

1 1 3 3

e eb b
i jeT eT e

e ee e
e ej i

n n
= =

   − −  
= =     

−−     
 

I Ix x
P A A A x

I Ix x

Global internal forces vector:

1

b
eT e e

e d d

e

n
=

 
= = 

 
A k A x K x FGlobal Equilibrium =P F A linear system:

1 1

e eeb b
j ieT eT e

e e ee e e
e e j i j i

N
N

= =

 − − −
= =   

− −    
 

x xv
P A A

x xv x x



Some isotropic solutions:
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Some non-isotropic  solutions:
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1 ; 1 ; 10x y bn n n= = =

(Isotropic case)

Some non-isotropic  solutions:



2 ; 1 ; 10x y bn n n= = =

Some non-isotropic  solutions:
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Some non-isotropic  solutions:
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Some non-isotropic  solutions:



Exercise 7: The Motorway problem. 
Finding the minimum path joining a number of points, iterating 
the FDM.  Solutions consist of straight lines, connecting at 120o

(Isenberg, 1992). For four points located at the vertices of a 
square of side L, the minimum configuration is the ‘hourglass’ 
shape shown in blue in the first figure. The length of the 
horizontal segment is equal to ( )3 1 / 3b L= −

For L=2, one gets b=0.84530
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Furthermore, find the two minimal configurations (in blue) which 
are possible for  six points located at the vertices of a regular 
hexagon. They depend n the different topologies assumed for the 
reference configuration (in red).



Sliding cables

http://upload.wikimedia.org/wikipedia/commons/4/4d/Denver_International_Airport_terminal.jpg


Aufare’s sliding-cable element
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Aufare’s sliding-cable element
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ELIPSE INDEFORMADA POSIÇÕES DE EQUILÍBRIO

Aufare’s sliding-cable element



 
 

 

 
  

Aufare’s sliding-cable element

 
 

 

 
  

 
 

 

 
  

 
 

 

 
  

 
 

 

 
  



An ideal sliding-cable super-element

A super-element with n nodes and  nseg=n-1 segments, sliding over np=n-2 pulleys
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Tangent stiffness matrix:

An ideal sliding-cable super-element

t e g= +k k k



 

second principal stress :    min 0     max 1437335.6921                  SATS
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Application of the sliding-cable super-element
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Consider a a chain of n-1 cable 
elements, connecting n nodes, 
under a constant, uniform normal 
load:

For every node, calculate an average normal unit vector:
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A Geodesic String super-element
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Internal loads vector:

Average normal vectors at the apex of the same pyramid, due to different average criteria
(a) simple average; (b) simple average; (c) area-weighted; (d) area-weighted; (e) angle-weighted
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Internal loads vector:

at each node, remove the normal components of the load vector:
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A Geodesic String super-element
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Tangent / secant stiffness matrix:

A Geodesic String super-element



A Geodesic String super-element


