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Geometric nonlinearity

Consider a string of undeformed lenght        , stretched to a length  

under an initial normal load         and under a concentrated load at midspan:
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Consider also a linear elastic material: ( ) ( )0 0 0r r
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Where                  is a “spring constant” 
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•Equilibrium of node C is impossible at the 
undeformed configuration:

Geometric nonlinearity

• Equilibrium is possible at a 
deformed configuration:
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• The resultant of the internal forces at node C is:
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is a initial stiffness, around 
the initial straight configuration         
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A non-linear equilibrium problem:

We seek  
*u cuch that
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( ) ( )g u P u F= −

Defining the unbalanced load function:

Equlibrium corresponds to ( ) ( )* * 0g u P u F= − =



Newton´s Method

We seek an approximation          such that

Expanding g(u) in Taylor´s series, around a trial displacement ui
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Truncating this expansion at the linear term we obtain a non-
zero umbalanced load, thus corresponding to a diaplacement 
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It can be shown that this recurrence, in a suficiently small 
vicinity of u* , converges to it with quadratic rates (provided 
u* is a stable point).
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For the taut string:
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                                      (initial, geometric stiffness)
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                                      (equivalent to two rods of lenght /2              
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                                     acting in parallel!     

Note that, as expected:



Exercise 1 – Derive kt for a string loaded at 
midspan
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Exercise 2 – Consider a string with k=10N/m, 
L=2m, lr=1.5m. 
Plot P(u) and kt(u). 

Find u* for F=20N using Newton´s Method
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( )( )t+ + =Mu Cu p u f

replacing the static problem by a pseudo-dynamic analysis, with 
fictitious masses and damping matrices

DRM solves complicated nonlinear equilibrium problems,

( ) ( )* * 0= − =g u p u f

( ) 0t =f f

For a single DOF, apply:

*
u

The Dynamic Relaxation Method



Kinetic 
Energy

DRM with Viscous Damping

( ) 0+ + =Mu Cu p u f



DRM with Kinetic Damping

( ) 0=  + =C 0 Mu p u f

If the systems kinetic energy is arbitrary zeroed whenever it reaches a maximum, 
the system will eventually come to a rest, usually faster than with viscous damping:

Kinetic 
Energy
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DRM may brings economy for solution of very large 
problems, since the computational costs for Newton’s method 
grows with the square of the number of DOF, whilst the cost 
of DRM grows linearly;

DRM shows no advantage to solve small to medium sized 
problems, whenever Newton’s Method shows good, 2nd order 
convergence;

It is a robust technique, much useful in cases where Newton’s 
Method fails to converge;

However, when the discretization is refined, the critical time-step is 
also reduced, and more steps are required for the system to come 
to a rest.
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Plane cable under distributed vertical loads

 

w(x) 

y(x) 

x 
x, 

y  

y(x) 

x 

x, 

y T(x) 

H(x) 

V(x) 

(x) 

T0 

H0 

V0 
0 

( ) ( )0 00 cos cos 0xF T T x x x =  − + = 

( ) ( ) 0 0cos cos constant!   ('Thrust')H T x x T = =



Plane cable under distributed vertical loads
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Plane cable under distributed vertical loads
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Cable under uniform vertical distributed load
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Cable under uniform vertical distributed load
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Lenght of the parabolic cable



Cable under uniform vertical distributed load
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Catenary cable (cable under self-weight)
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Catenary cable (cable under self-weight)
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Catenary cable (cable under self-weight)
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Catenary cable (cable under self-weight)
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Catenary cable (cable under self-weight)
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For h~L/10, the parabola and the catenary practically superimpose:
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Deformations of a parabolic cable
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Deformations of a parabolic cable



( )

2

2
2

2

3
2 2

2
2 2

2

8
1

8

8 8
1 1

L

L r

L

r
L

x dx
LEA

w
L h

x x dx
L L

h

h
h

h

−

−

 
+ − 
 

=
     
+ +             





 

-1.5 -1 -0.5 0 0.5 1 1.5 -100 
-80 
-60 
-40 
-20 

0 

20 
40 
60 
80 

100 

h (m) 

w (kN/m) 

Deformations of a parabolic cable



( )3 2

4

64

3
r

EA
w h h h

L
−

28

3

r
r

h
L

L
+

2 21 1 1ry y + +

28

3

h
L

L
+

HL

EA
 =

-1.5 -1 -0.5 0 0.5 1 1.5
-100

-80

-60

-40

-20

0

20

40

60

80

100

-1.5 -1 -0.5 0 0.5 1 1.5
-50

0

50

100

150

200

250

300

( )2 2

4

64
( ) 3

3
t r

EA
k h h h

L
−

Small deformations for a parabolic cable with small sags:

rh h L= Consider a cable with 

Find the initial stifness of the cable for uniform transversal load.
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Ex. 6 – Small deformations for a parabolic cable with small sags:

Stiffness around the initial shape ( ) :rh h=

2(em N/m )

the stiffness drops with the square of the span!



Cables in 3D space
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Cables in 3D space
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Cable Equilibrium in Vectorial Description
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Cable Equilibrium in vector Description
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 

Decomposing  into the intrinsic coordinate system 

given the Frenet-Serret triedron , , :

sb

τ ν β

0

0

dN
b

ds

N
p

b








+ =




=

 =



We arrive at a system of 

three scalar equilibrium 

equations:
Transversal loading provoques curvature of the cable!

The cable adjusts its form in such a way

that there is no binormal loading!



Tangential equilibrium is analogous to a axially loaded bar! 

N (s) = N(s)  (s)

s

s
0

N
0

= - N(0) 

b(  )

O

x
0

x (s)



Velaria

cable under uniform transversal pressure p0

0p= −b ν

00 constant!
dN

N N
ds

=  =

0 0

0 0

0

constant!
N N

p
p

 


=  = =

The velaria is a circular arch!



Velaria
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Deformation of infinitely long panels:

( )

3
3

3 1

Et
p

R R





 
=  

−  

Deformation of flat circular membranes of radius R=L/2:



Flat Façades
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