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Lagrangian formulation for discrete systems 

or discretized continua 
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Lagrangian formulation… 
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Lagrangian formulation… 

Gyroscopic force (Coriolis) 
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Gyroscopic “damping” matrix is anti-symmetric 
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Total-Lagrangian Matrix Formulation 

   tR = S + r + u q

Consider a point of an elastic solid with 

scleronomic constraints 

with respect to a relative reference frame, 

which, on its turn, is moving with respect to 

an “inertial” reference frame 

Particular class of rheonomic constraint! 
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Total-Lagrangian Matrix Formulation 

Discretization    u q = Hq +Δ q Geometric non-linearity 

 is an interpolation matrix 
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Linear elastic homogeneous and isotropic solid or rod 
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Total-Lagrangian Matrix Formulation 



Discretized system 
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Total-Lagrangian Matrix Formulation 

Linear elastic homogeneous and isotropic solid or rod 
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Total-Lagrangian Matrix Formulation 

2D linear elastic homogeneous and isotropic solid or rod 



Total-Lagrangian Matrix Formulation 

Particular case: 2D linear Bernoulli-Euler prismatic rod element 
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Total-Lagrangian Matrix Formulation 
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Particular case: 2D linear Bernoulli-Euler prismatic rod element 



Total-Lagrangian Matrix Formulation 

    t tR = S + a r + u

 
 

 
X

Z

S t
t

S t
S

 
  
 

   

   

cos sin

sin cos

t t

t t

 

 

 
  
 

aSupport excitation: 

Position vector in local system: 
x

z
r

 
  
 

u Hq

Particular case: 2D linear Bernoulli-Euler prismatic rod element 



Total-Lagrangian Matrix Formulation 
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Total-Lagrangian Matrix Formulation 
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Neglecting the mass moment of inertia 

Particular case: 2D linear Bernoulli-Euler prismatic rod element 



Total-Lagrangian Matrix Formulation 
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Particular case: 2D linear Bernoulli-Euler prismatic rod element 



Total-Lagrangian Matrix Formulation 
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Particular case: 2D linear Bernoulli-Euler prismatic rod element 



Total-Lagrangian Matrix Formulation 

  ΔPPqΔKKqΔCqM 0  

Particular case: 2D linear Bernoulli-Euler prismatic rod element 



Total-Lagrangian Matrix Formulation 

Example: 2D non-linear Bernoulli-Euler prismatic rod element 
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Brasil & Mazzilli, Appl. Mech. Rev., 46(11), S110-S117, 1993 



Total-Lagrangian Matrix Formulation 

Example: 2D non-linear Bernoulli-Euler prismatic rod element 

0

rs rs rs r

s s sM q D q K q F  

Brasil & Mazzilli, Appl. Mech. Rev., 46(11), S110-S117, 1993 

Secant formulation in index notation (within Newton-Raphson procedure)  
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Tangent formulation in index notation 



Total-Lagrangian Matrix Formulation 

Example: 2D non-linear Bernoulli-Euler prismatic rod element 

Brasil & Mazzilli, Appl. Mech. Rev., 46(11), S110-S117, 1993 
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Total-Lagrangian Matrix Formulation 

Example: 2D non-linear Bernoulli-Euler prismatic rod element 

Brasil & Mazzilli, Appl. Mech. Rev., 46(11), S110-S117, 1993 
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the matrices of the secant equations of motion

referred to the rod-element local system are:



Total-Lagrangian Matrix Formulation 

Example: 2D non-linear Bernoulli-Euler prismatic rod element 

Brasil & Mazzilli, Appl. Mech. Rev., 46(11), S110-S117, 1993 
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Total-Lagrangian Matrix Formulation 

Example: 2D non-linear Bernoulli-Euler prismatic rod element 

Brasil & Mazzilli, Appl. Mech. Rev., 46(11), S110-S117, 1993 
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Total-Lagrangian Matrix Formulation 

Example: 2D non-linear Bernoulli-Euler prismatic rod element 

Brasil & Mazzilli, Appl. Mech. Rev., 46(11), S110-S117, 1993 
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the matrices of the tangent equations of motion

referred to the rod-element local system are:



Total-Lagrangian Matrix Formulation 

Example: 2D non-linear Bernoulli-Euler prismatic rod element 
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