
São Carlos, 19/09/18

SEM0501 
Dinâmica Aplicada às Máquinas

Prof. Dr. Thiago Boaventura 
tboaventura@usp.br

Aula #7 — Movimento plano geral e 
relativo de corpos rígidosARCLab

Advanced Robotics Control Laboratory

mailto:tboaventura@usp.br


SEM0501 — Prof. Dr. Thiago Boaventura / 32

Aula passada…

2

d

P2

P1

distância entre diferentes 
partículas permanece invariável

modelo 
idealizado!ARCLab

Advanced Robotics Control Laboratory



SEM0501 — Prof. Dr. Thiago Boaventura / 32

Aula passada…

3

ARCLab
Advanced Robotics Control Laboratory



SEM0501 — Prof. Dr. Thiago Boaventura / 32

Aula passada…

4

vB = vA aB = aA

na translação, todos os pontos de um corpo rígido se 
deslocam com a mesma velocidade e aceleração 

ARCLab
Advanced Robotics Control Laboratory
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aceleração angular variável:
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aceleração angular constante:
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movimento de um ponto P:ARCLab
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Produto vetorial
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regra da mão direita
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Produto vetorial
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a = ↵⇥ rP + ! ⇥ (! ⇥ rP )

ARCLab
Advanced Robotics Control Laboratory
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rB = rA + rB/AARCLab
Advanced Robotics Control Laboratory
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rB = rA + rB/A

d

dt

vB = vA + vB/AARCLab
Advanced Robotics Control Laboratory



SEM0501 — Prof. Dr. Thiago Boaventura

M
ov

im
en

to
 

pl
an

o g
er

al
Co

nc
lu

sã
o

/ 32

Si
st

em
as

 d
e 

eix
o e

m
 ro

ta
çã

o
Velocidade relativa

14

vB = vA + vB/A
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vB = vA + vB/A

v = ! ⇥ rP

vB = vA + (! ⇥ rB/A)

Equação 16.16 no livro está errada!

ARCLab
Advanced Robotics Control Laboratory
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vP = 0

vB = vA + (! ⇥ rB/A) P

vB = ! ⇥ rB/CI

vCI = 0

CIARCLab
Advanced Robotics Control Laboratory
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direção: perpendicular à 
velocidade

v = !r
intensidade:

rA/CI =
vA
!
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ponto de interseção dos 
vetores de posiçãoARCLab

Advanced Robotics Control Laboratory
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vB = vA + (! ⇥ rB/A)

ARCLab
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vB = vA + (! ⇥ rB/A)

ARCLab
Advanced Robotics Control Laboratory
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ARCLab
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vB = vA + vB/A

d

dt

aB = aA + aB/A

ARCLab
Advanced Robotics Control Laboratory
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aB = aA + aB/A

=ARCLab
Advanced Robotics Control Laboratory
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a = ↵⇥ r� !2r

aB = aA +↵⇥ rB/A � !2rB/A

aB = aA + aB/A

ARCLab
Advanced Robotics Control Laboratory
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ARCLab
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e se o  

eixo de 
referência 

também girar?
ARCLab
Advanced Robotics Control Laboratory
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ARCLab
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ARCLab
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ARCLab
Advanced Robotics Control Laboratory
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rB = rA + rB/A

rB/A = xBi+ yBj

ARCLab
Advanced Robotics Control Laboratory
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rB = rA + rB/A

vB = vA +
drB/A

dt

rB/A = xBi+ yBj

d

dt

ARCLab
Advanced Robotics Control Laboratory
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vB = vA +
drB/A

dt

drB/A

dt
=

d

dt
(xBi+ yBj)

rB/A = xBi+ yBj

ARCLab
Advanced Robotics Control Laboratory
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drB/A

dt
=

✓
dxB

dt
i+

dyB
dt

j

◆
+

✓
xB

di

dt
+ yB

dj

dt

◆

(vB/A)xyz

{

ARCLab
Advanced Robotics Control Laboratory
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drB/A

dt
= (vB/A)xyz +

✓
xB

di

dt
+ yB

dj

dt

◆

|di| = |dj| = 1d✓

Intensidade:

direção:

di = d✓j

dj = d✓(�i)

ARCLab
Advanced Robotics Control Laboratory
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di = d✓j

dj = d✓(�i)

dj

dt
=

d✓

dt
(�i)

di

dt
=

d✓

dt
j

di

dt
= ⌦j

dj

dt
= �⌦i

ARCLab
Advanced Robotics Control Laboratory
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di

dt
= ⌦j

dj

dt
= �⌦i

⌦ = ⌦k

di

dt
= ⌦⇥ i

dj

dt
= ⌦⇥ j

ARCLab
Advanced Robotics Control Laboratory
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di

dt
= ⌦⇥ i

dj

dt
= ⌦⇥ j

drB/A

dt
= (vB/A)xyz +

✓
xB

di

dt
+ yB

dj

dt

◆

drB/A

dt
= (vB/A)xyz +⌦⇥ (xBi+ yBj)

rB/A = xBi+ yBj

drB/A

dt
= (vB/A)xyz +⌦⇥ rB/A

ARCLab
Advanced Robotics Control Laboratory
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drB/A

dt
= (vB/A)xyz +⌦⇥ rB/A

vB = vA +
drB/A

dt

vB = vA + (vB/A)xyz +⌦⇥ rB/A

ARCLab
Advanced Robotics Control Laboratory
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vB = vA + (vB/A)xyz +⌦⇥ rB/A

comparação com 
eixos de translaçãoARCLab

Advanced Robotics Control Laboratory
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vB = vA + (vB/A)xyz +⌦⇥ rB/A

ARCLab
Advanced Robotics Control Laboratory
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vB = vA + (vB/A)xyz +⌦⇥ rB/A

d

dt
dvB

dt
=

dvA

dt
+

d(vB/A)xyz
dt

+
d⌦

dt
⇥ rB/A +⌦⇥

drB/A

dt

aB = aA +
d(vB/A)xyz

dt
+ ⌦̇⇥ rB/A +⌦⇥

drB/A

dt
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drB/A

dt
= (vB/A)xyz +⌦⇥ rB/A

aB = aA +
d(vB/A)xyz

dt
+ ⌦̇⇥ rB/A +⌦⇥

drB/A

dt
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(vB/A)xyz = (vB/A)xi+ (vB/A)yj

d

dt

d(vB/A)xyz
dt

=


d(vB/A)x

dt
i+

d(vB/A)y
dt

j

�
+


(vB/A)x

di

dt
+ (vB/A)y

dj

dt

�

aB = aA +
d(vB/A)xyz

dt
+ ⌦̇⇥ rB/A +⌦⇥

drB/A

dt
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aB = aA +
d(vB/A)xyz

dt
+ ⌦̇⇥ rB/A +⌦⇥

drB/A

dt

d(vB/A)xyz
dt

=


d(vB/A)x

dt
i+

d(vB/A)y
dt

j

�
+


(vB/A)x

di

dt
+ (vB/A)y

dj

dt

�

d(vB/A)xyz
dt

= (aB/A)xyz +⌦⇥ (vB/A)xyz

di

dt
= ⌦⇥ i

dj

dt
= ⌦⇥ j
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aB = aA +
d(vB/A)xyz

dt
+ ⌦̇⇥ rB/A +⌦⇥

drB/A

dt

d(vB/A)xyz
dt

= (aB/A)xyz +⌦⇥ (vB/A)xyz

aB = aA + (aB/A)xyz + 2⌦⇥ (vB/A)xyz + ⌦̇⇥ rB/A +⌦⇥ (⌦⇥ rB/A)
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