7.3 - The Wilkinson Power Divider

Reading Assignment: pp. 318-323

The Wilkinson power divider is the most popular power divider
designs.

It is very similar to a lossless 3dB divider, but has one
additional component!

HO: THE WILKINSON POWER DIVIDER

Q: I don't see how the Wilkinson power divider design
provides the scattering matrix you claim. Is there any way to
analyze this structure to verify its performance?

A: Yesl We simply need to apply an odd/even mode analysis.

HO: WILKINSON DIVIDER EVEN/ODD MODE ANALYSIS




The Wilkinson
Power Divider

The Wilkinson power divider is a 3-port device with a

scattering matrix of: | |
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Note this device is matched at port 1 (5, =0), and we find that
maghitude of column 1 is:

|~511|2 +|521|2 +|531|2 =1

Thus, just like the lossless divider, the incident power on port 1
is evenly and efficiently divided between the outputs of port 2
and port 3:
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But now look closer at the scattering matrix. We also note that
the ports 2 and 3 of this device are matched !

Likewise, we note that ports 2 and ports 3 are isolated:



> It's the (nearly) ideal 3dB power dividerll!
Q: So just how do we make this Wilkinson power divider?

It looks a lot like a lossless 3dB divider, only with an additional
resistor of value 2Z, between ports 2 and 3:

(a) (b)

This resistor is the secret to the Wilkinson power divider, and
is the reason that it is matched at ports 2 and 3, and the reason
that ports 2 and 3 are isolated.

Note however, that the quarter-wave transmission line sections
make the Wilkinson power divider a narrow-band device.
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Figure 7.12 (p. 322)
Frequency response of an equal-split Wilkinson power divider. Port 1 is the input
port; ports 2 and 3 are the output ports.
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Even/Odd Mode Analysis
of the Wilkinson Divider

Consider a matched Wilkinson power divider, with a source at
por‘t 2: Port 2 7,

+

Too simplify this schematic, we remove the ground plane, which
includes the bottom conductor of the transmission lines:

Port 2
7 - 7
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Q: How do we analyze this circuit ?
A: Use Even-0Odd mode analysis!

Remember, even-odd mode analysis uses two important
principles:

a) superposition
b) circuit symmetry

To see how we apply these principles, let's first rewrite the

circuit with four voltage sources: iy v
[/2 2 2

Zo
Turning of f one positive source at each port, we are left with
an odd mode circuit: A %

Odd Mode Circuit \




Note the circuit has odd symmetry, and thus the plane of
symmetry becomes a virtual short, and in this case, a virtual

ground! " iy

- --+P>D - P - == —>— - V=0

Note we have again drawn the bottom conductor of the
transmission line (a ground plane) to enhance clarity (I hope!).



Analyzing the top circuit, we find that the transmission line is
terminated in a short circuit in parallel with a resistor of value
2Zo. Thus, the transmission line is terminated in a short circuit!

DA

This of course makes determining I/° trivial (hint: I/° =0).

Now, since the transmission line is a quarter wavelength, this
short circuit at the end of the transmission line transforms to
an open circuit at the beginning!

As a result, determining voltage ;°
is nearly as trivial as determining
voltage V/°. Hint:

Now, let's turn off the odd mode sources, and turn back on the
even mode sources.



Even Mode Circuit
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Note the circuit has even symmetry, and thus the plane of
symmetry becomes a virtual open.
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Note we have again drawn the bottom conductor of the
Transmission line (a ground plane).

Analyzing the top circuit, we find that the transmission line is
terminated in a open circuit in parallel with a resistor of value
2Z,. Thus, the transmission line is terminated in a resistor
valued 22,
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Now, since the fransmission line is a quarter wavelength, the

2Zpresistor at the end of the transmission line transforms to
this value at the beginning:

(V2z,)
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Z é Ve ,, Voltage I/* can again be determined by
i ’ *  voltage division:
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And then due to the even symmetry of the circuit, we know:

Q: What about voltage V,¢ ? What is its value?

A: Well, there's no direct or easy way to find this value. We
must apply our transmission line theory (i.e., the solution to the
telegrapher’'s equations + boundary conditions) to find this
value. This means applying the knowledge and skills acquired
during our scholarly examination of Chapter 2!
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If we carefully and patiently analyze the above transmission
line circuit, we find that (see if you can verify this!):

e _Jl/s
/¢ =
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And thus, completing our superposition analysis, the voltages
and currents within the circuit is simply found from the sum of
the solutions of each mode:



Note that the voltages we calculated are total voltages—the
sum of the incident and exiting waves at each port:

W=V (21 221,0) =W (21 :le)+[/1_ (21 :le)
V=V, (2=2,)=V" (2= 2,) +V, (2, = 2,)
=V (23 :zs,o) =l (23 =Z3,,)+V3_ (23 :Zs,o)

Since ports 1 and 3 are terminated in matched loads, we know

that the incident wave on those ports are zero. As a result, the

total voltage is equal to the value of the exiting waves at those
porfts:
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V'(z=2,)=0 V (21=ZIP)=‘/—

V3+(z3=23/>)=0 1/3_(z3=23,,)=0

The problem now is to determine the values of the incident and
exiting waves at port 2 (i.e., V) (z,=2,) and V|, (2, =2z,,)).

Recall however, the specific case where the source impedance
is matched to transmission line characteristic impedance (i.e.,
Z.=2Z,). We found for this specific case, the incident wave

“launched” by the source always has the value V /2 at the
source:
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Now, if the length of the transmission line connecting a source

to a port (or load) is electrically very small (i.e., 8¢ <« 1), then
the source is effectively connected directly to the source (i.e,

ﬁzs :ﬂZP):
s And thus the total voltage is:
+
v.(: % 22;” V=V (z=2z)+V (z=2z)
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\% Z=Z.=2Zp




For the case where a matched source (i.e. Z. = Z,)) is connected
directly to a port, we can thus conclude:

l/+(z=zp)=[%

V- (z=2)= V/

Thus, for port 2 we find:

V' (2,=2,)= [%
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Now, we can finally determine the scattering parameters
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Q: Wow! That seemed like a lot of hard work, and were only ¥
of the way done. Do we have to move the source to port 1 and
then port 3 and perform similar analyses?



A: Nope! Using the bilateral symmetry of the circuit
(1-51,2-—>3,3—>2), we can conclude:

513:512:% 55=5,=0 Sy =5,=0

and from reciprocity:

521:512:% 531:513:%

We thus have determined 8 of the 9 scattering parameters
heeded to characterize this 3-port device. The remaining
holdout is the scattering parameter S;;. To find this value, we
must move the source to port 1 and analyze.

Note this source does not alter the bilateral symmetry of the
circuit. We can thus use this symmetry to help analyze the
circuit, without having to specifically define odd and even mode
sources.



Since the circuit has (even) bilateral symmetry, we know that
the symmetry plane forms a virtual open.
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Note the value of the voltage sources. They have a value of V;
(as opposed to, say, 2 V; or V,/2) because two equal voltage
sources in parallel is equivalent to one voltage source of the
same value. E.G.:
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Now splitting the circuit into two half-circuits, we find the top
half-circuit to be:
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Which simplifies to:
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And transforming the load resistor at the end of the 4, wave
line back to its beginning:

—M—e— Finally, we use voltage division to
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Thus,

And since the source is matched:

V' (z=2,)= [%
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So our final scattering element is revealed!

So the scattering matrix of a Wilkinson power divider has been
confirmed:

0O Ve Ve
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His worst
handout ever!

Oh no, I've seen
much worse.

So, what'd
ya think?
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