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A common undergraduate experiment to measure the e/m ratio uses a magnetic field produced by
Helmholtz coils to deflect an electron beam. It is usually assumed that the beam is in the
symmetrical plane of the coils and that it is in a uniform field identical to the field at the center of
the coils. The magnetic induction field at the central position can be calculated from the geometry
of the coils. In this paper the magnetic field in the region of the electron beam is calculated and
compared to the field at the center of the coils. The height of the beam increases as it traverses the

semicircular path and this increase is calculated.

L. INTRODUCTION

One way to do the e/m experiment is to observe the path
of a beam of electrons when they traverse a uniform mag-
netic field. A common source of this magnetic field is a pair
of Helmholtz coils connected in series and carrying a cur-
rent. It is usually assumed that the magnetic field which
exists at the electron’s path is the same as the magnitude of
the field on the axis of the coils and mldway between the
coils. The field at the center of an ideal pair of Helmholtz
coils is given in Eq. (11). This equation is derived in a
number of texts, such as Refs. 16 and 17.

Several articles have appeared which describe power
supplies that make this experiment easier for students to
perform.’™ The spreading of the beam into a fan shape is
also mentioned in some of these articles.>™ The articles also
describe ways that can be used to reduce the spreading so
that the beam approximates an ideal beam in the symmetri-
cal plane.

A number of authors have considered the homogeneity
of the magnetic field in the central region of a set of Helm-
holtz coils. For example, see the works cited in Refs. 5-11.
They expressed the magnetlc field in the region of interest
by making a series expansmn about the point at the middle
of the coil pair. Higbie'? used a numerical integration tech-
nique to calculate the field in the symmetrical plane but for
a point off the axis of the Helmholtz coils. The magnetic
field at the center of the coils is usually calculated by as-
suming that the current is conducted by a wire that has a
vanishingly small cross section. The effect of the finite
cross section of the coil windings has also been calculat-
ed.”!*!> Normally the distance between the planes of the
two Helmholtz coils is equal to the radius of the coils. How-
ever, some work indicates that the field uniformity can be
improved by using a slightly different spacing.'*"

While carrying out an experiment to measure the e/m
ratio some undergraduate students wanted to know how
the magnetic field at the center of the coils compared to the
actual field in the region of the beams path. They also won-
dered why the beam of electrons spread out forming a fan-
shaped pattern on a cylindrical surface. One way that each
of these questions can be answered is given in the following
sections. The method for calculating the magnetic field at
an arbntrary point in the central region of the Helmholtz
coils used in this paper is based upon a procedure outlined
in the texts by Reitz, Milford, and Christy,'® and Page and
Adams.'” This procedure was used to show the students
that material discussed in class could be used in analyzing
an experiment that they had performed. The approach
used is at a level appropiate for undergraduate students.
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I1. APPARATUS

This discussion is based upon apparatus that was ob-
tained from a commercial vendor.!® The two main compo-
nents are a set of Helmholtz coils and a Pyrex tube shaped
like an early x-ray tube. The tube is shaped roughly like a
sphere with two cylinders attached on opposite sides. The
cylindrical parts allow the tube to be mounted easily. They
also provide support for the components inside the tube
and allow vacuum tight electrical feed throughs to the inte-
rior components. "

Inside of the tube is a source of electrons which will be
described in more detail in Sec. IV. The electron beam has a
rectangular cross section as it leaves the source which is
about 102 m high and 8X10™* m wide. The tube is
mounted so that the source is halfway between the coils.
Fig. 1 shows a simplified overview of the experimental ar-
rangement.

The field set up by the Helmholtz coils is quite uniform
in the region where the electron beam is observed, so the
beam traverses a circular path of radius R,. That the path is
circular is demostrated in many physics texts, and it will
not be repeated here. The result is that e/m = v/BR,,
where the speed v can be determined from the accelerating
voltage V in the source, and R, can be found by adjusting
the magnetic field B of the Helmholtz coils until the beam
hits an indicator inside of the tube. Since the beam travels
in a semicircle before hitting the indicator, R, can be found
by taking one-half of the distance from the electron source
to the indicator. The center of this circle coincides with the
axis of the coils, and the plane of this circle is paraliel to the
coils. However, as the bam traverses the semicircle, the
height of the rectangular cross section increases slowly so
the beam appears to have the shape of a curved fan. The
spreading is symmetrical in the direction perpendicular to
the circular arc.

A high vacuum was established in the tube, but before it
was sealed off, a small amount of mercury was placed in it.
Some of the electrons will collide with a few of the mercury
atoms and leave the mercury atoms in an excited state. The
mercury atoms will go back to their ground states by emit-
ting radiation which is visible to the human eye. The trajec-
tory of the electron beam is then visible to the experiment-
er. The beam trajectory is indicated in Fig. 2.

II1. OFF-AXIS MAGNETIC FIELD

The general procedure that was adopted for this calcula-
tion follows the method outlined in some texts,'®!” but was
carried to a higher order than is given in them. The proce-
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Fig. 1. General layout of e/m apparatus. C—Helmbholtz coils of radius 4,

_S—electron beam source, and /—diameter indicator. The arc length of
the electron path is L. The origin of the XYZ coordinate system is at the
center of the lower coil, and the origin of the xyz coordinates is at the
center of the electron source.

dure begins by calculating the magnetic field due to circu-
lar loop of wire of radius 4 and carrying a current /. For a
coil of NV closely spaced turns, the result for a single turn
can be multiplied by & to give to field due to the coil.

The magnetic field B outside of a current distribution
can be obtained from a scalar potential according to the
following expression:

B= —u,VU, (D
where 1, is the permeability of free space and U is the de-
sired potential. For a loop carrying a current 7 it can be
shown that U can be expressed as

U= —IO/4m, (2)

where (2 is the solid angle subtended by the loop at the
observation point. For a circular loop of radius 4 centered
at the origin and positioned in the X — ¥ plane, U can be
expressed as

U(Z)=[1-ZA4*+ZH)~"21 /2 (3)

for an observation point on the Z axis. The coordinates
used in this discussion are shown in the lower portion of
Fig. 1. Using a binomial expansion for Z < 4, the radical
can be expressed in terms of Z /A4 giving

UZ)=(1—-Z/4A+Z%/24% —3Z5
+5Z7/1647 — 35Z2°/1284°
+ 63Z111/2564 1 — -- ) /2. (4)
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Fig. 2. Electron source detail which shows cylindrical fan shape of beam.
R, is the radius of fan cylinder.

Let 9 be the angle between the Z axis and the vector R
where R begins at the origin and ends at some arbitrary
observation point. The quantities R and 6 are the usual
polar angle and radius vector of the spherical coordinate
system. Then

Z=Rcos6. (5)

Equation (5) can be substituted in Eq. (4) to yield a poten-
tial function expressed in terms of R and 6. A useful expres-
sion can be obtained by letting 6 = 0 in this expression.
This effectively replaces Z by R in Eq. (4).

The potential U also satisfies Laplace’s equation. It is
reasonable that the solution to this equation for the situa-
tion under consideration be cylindrically symmetric. Then
an appropriate solution to Laplace’s equation is'®

U(R,0) = Y C,R"P, (cos 8), 0<n< o, (6)

where n is an integer, the C,’s are arbitrary constants
which are to be determined, and the P,’s are Legendre
polynominals with cos 6-as their argument. R is the magni-
tude of R defined above. Now let @ = 0 and used the fact
that P, (cos 0) = 1 for all n, then the potential in Eq.(6)
becomes

UR0) =3 C,R", 0<n< . (7

The expression for U given in Eq. (4) with Z = R, and Eq.
(7) represent the same function, so the coefficients of each
R™ must be equal. The first few C,’s are found to be

Co=1/2, C,= —1/24, C,=1/443
Cs= —3I/1645, C,=5I/324",

Co= — 55I/2564°, C, =631/5124",
C,=C,=Cy=Cy=C,p=0.

The above expressions for the C,’s and the appropriate
expression for each Legendre polynomial®® can be substi-
tuted into Eq. (6), giving the following approximate
expression for U:
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U(R,0) =[1—Rcos@/A+R>*(5cos® 6 — 3 cos 8)/44> — 3R (63 cos® @ — 70 cos® 6 + 15 cos ) /644>
+ SR 7(429 cos’ 6 — 693 cos® @ + 315 cos® @ — 35 cos 8) /25647
— 35R °(12155 cos® & — 25740 cos’ 6 + 18018 cos® & — 4620 cos® @ + 315 cos 8) /163844 °11 /2. (8)
Using Eq. (1) expressed in spherical coordinates, the components of the magnetic field are found to be
B (R,0) = [1 —3R?*(5c0os* 8 —3)/44% + 15R *(63 cos* @ — 70 cos’0 + 15)/644*
— 35R (429 cos® 6 — 693 cos*@ + 315 cos® 8 — 35)/256A4 °
+ 315R #(12155 cos® 8 — 25740 cos® 8 + 18018 cos* 8 — 4620 cos?d + 315)/163844 81 NI cos 0 /24,

(9a)

B,(RO)=[—14+3R*(5c0s?0 —1)/44% —45R*(21 cos* @ —4 cos’ @+ 1)/644*
+ 5R %(3003 cos® @ — 3465 cos* @ + 945 cos> @ — 35)/2564 6
— 525R 3(7293 cos® 8 — 12012 cos® 8 + 6006 cos* @ — 924 cos® 8 + 21)/163844 8luoNIsin 6 /24, (9b)

where the results for a single loop have been multiplied by
N, the number of loops in the coil. The quantities of interest
are the components of the magnetic field parallel to the Z
axis (B, ) and perpendicular to the Z axis (B, ). These can
be found from

B, = Bg cos 8 — B, sin 6,
B, =By sin 0 + B, cos 6. (10)

A computer program written in BASIC was used to calcu-
late B and B, for both coils of the Helmholtz arrangement
and then to combine the results to find the components of
the total field at the desired point. A few results are given in
Table I. In the region of interest the ratio of R to A4 is about
1/2. The last term in term in the series expansion in Eq. (9)
contains the factor (R /4)® which is about 0.004 for R /
A = 1/2. The factors which multiply the ratio R /4 are all
less than unity so the (R /4)® term amounts to less than
0.4% of the leading term. This indicates that for the accu-
racy desired in this work that enough terms were used in
the calculations.

To check the computations using Egs. (9) and (10), the
field was calculated for a point on the Z axis halfway
between the coils for 7 = 1.0 A. For the apparatus used,
A=033m and N=72 turns. This gave values of
B, =1.968x107*T and B, = 0.000 T. The formula for
the magnetic field at the center of the Helmholtz coil con-
figuration is usually given as®’

B, = 8u NI /452 (1D

Using this formula B, was calculated as 1.962x 107* T.

Table 1. Components of the calculated magnetic field for a current of
1.0A.

R, z B, x10* B, x107
(m) (m) (T) (T)
0.00 0.000 1.968 0.000
0.05 0.000 1.959 0.000
0.05 0.005 1.959 1.270
0.05 0.010 1.959 2.595
0.05 0.015 1.960 4.033
0.05 0.020 1.960 5.642
0.05 0.025 1.961 7.490
0.05 0.030 1.961 9.649
0.05 0.035 1.962 12.20
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Thus the approximate expression and the exact expression
agree quite well. As can be seen from Table I, the magnetic
field at the electron’s path is not significantly different from
that at the center. This answered the student’s first ques-
tion.

The perpendicular component of the field was calculated
in order to see if it contributed to making the beam fan
shaped. It did not cause a significant amount of the spread-
ing. The cause of the beam spreading is discussed in the
next section.

IV. ELECTRON MOTION IN THE SOURCE

The source of the electrons is a straight wire of radius 7;
carrying a current  in the — z direction, which heats the
wire to a temperature sufficient for electron emission. The
wire has an electric potential of zero. A thin conducting
cylinder with a potential V is concentric with the wire and
the inside radius of the cylinder is 7;. The cylinder has a
narrow slit cut in part of its surface. The slit is parallel to
the axis of the cylinder and the wire. The slit, ; and 7, are
indicated in Fig. 2. The electrons will be accelerated
towards the cylinder and a few will pass through the slit to
form the beam that is bent by the magnetic field of the
Helmbholtz coils. The long dimension of the slit is parallel to
B, and the z axis. Let the x — y plane be midway between
the Helmholtz coils and the origin at the axis of the heated
wire. The slit will then extend from — z,t0 + z,. By sym-
metry, the motion below z = 0 will be the mirror image of
the motion above z = 0, so only the case of z>0 will be
considered. The electrons going through the slit at z = z,
will form the upper edge of the fan. Therefore, only the
motion of these electrons will be considered. The current
flowing in the hot wire will also cause a magnetic field that
is cylindrically symmetric around the wire. The electrons
are accelerated radially away from the wire by the electric
field between the wire and the cylinder. Thus they will be
moving in a direction perpendicular to the wire’s magnetic
field. By the Lorentz force law, a force will be exerted on
the electrons in a direction parallel to the z axis. The wire
was heated by an alternating current of 60 Hz, so the force
will vary with time. It is this force that causes most of the
spreading of the beam into the fan shape. To calculate the
electron’s motion along the upper edge of the fan, the maxi-
mum current needs to be used. The maximum is obtained
from the rms value indicated by the ammeter which was
connected in the hot wire circuit.
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Table I1. Spreadsheet results for half-height calculations.

Time a,x10~" v, X1073 z L
n (ns) (ms™?) (ms™") (m) (m)
0 0.0 5.50 8.20 0.005 0.000
1 2.65 8.00 8.21 0.007 0.016
2 5.30 10.6 8.23 0.009 0.031
3 7.95 13.2 8.26 0.012 0.047
4 10.6 15.7 8.30 0.014 0.063
5 13.3 18.3 8.34 0.016 0.079
6 159 21.0 8.40 0.018 0.094
7 18.6 24.0 8.45 0.020 0.11
8 21.2 27.3 8.51 0.023 0.13
9 23.8 30.8 8.58 0.025 0.14
10 26.5 345 8.66 0.027 0.16

The velocity of the electrons in the z direction as they
leave the slit will now be calculated. To simplify the calcu-
lations, the field due to the Helmholtz coils will be neglect-
ed so that the motion of the electrons in the source can be
approximated as occurring in a plane determined by the
axis of the heated wire and the slit. The coordinate system
will be chosen so that the x axis goes through the slit and
the angle ¢ will be in the x — y plane measured from the x
axis. The location of a point will then be given by the cylin-
drical coordinates (7,¢,z). Combining F = ma with the
Lorentz force law, we have ma = q(E + vXB). Let

qg= —e, E= —at/r, B= —B{f)/r,
where
a=V[in(r,/r;)), B=pe/2m,
f'=§cos¢+jsin¢, $=§sin¢+jcos¢.
Putting the above expressions for E and B in this equa-

tion, and expressing @ and v in cylindrical coordinates, we
find

m(# — rg®) = e(a/r— Bi/r) rcomponent, (12a)
m(rd + 2#$) =0 ¢ component, (12b)
mz = eff/r zcomponent, (12¢)

for the three components of motion where the dots indicate
time derivatives. If Eq. (12c¢) is rewritten as

mv, = efB[d(In r)/dt]
and integrated, then
my, =ef[In(r)] + K. (13)

Ifitis assumed thatv, = Oatr = r;, K can be evaluated and
its value put in Eq. (13) giving

v, = [In(z/r;)]eB /m. (14)

The specification sheet accompanying the apparatus
gave r; as 1.0X10™* m and r, as 6.4X 107> m. Letting
r=rpandi=135.7 A, which was the peak value of the cur-
rent used by the students, v, = 8.2 X 10° ms™'. After leav-
ing the slit the electrons traveled in a path that was primar-
ily circular with the circle being nearly parallel to the x — y
plane. The current in the Helmholtz coils was adjusted so
that the electrons hit an indicator which was about 0.1 m
from the axis of the hot wire. Hence the electrons traveled
about 0.15 m along the circumference of a circle of radius
0.05 m. However, the trajectory of the electrons had a
small component of motion normal to the planes of the

(12¢)

21 Am. J. Phys., Vol. 55, No. 1, January 1987

Helmbholtz coils, and this caused the beam to be fan shaped.
To make a rough calculation of the spreading, the follow-
ing expressions were used:

Vo1 =0, +a,At
2,1 =2, +v,A +a, (A)*/2. (15)

A spreadsheet program was used to carry out the calcu-
lations, and the results are given in Table II. The magni-
tude of the velocity of the electrons in a direction perpen-
dicular to the source can be calculated from eV = mv,2/2.
The accelerating voltage ¥ used in this experiment was
100 V. This gives a value of 5.93 X 10° ms™~" for v,. Since
v, is about seven times larger than the component of the
velocity along the source axis, it is assumed that the speed
to be used in calculating the electron’s acceleration in the
direction along the source axis can be taken as v,. The di-
rection of the source axis is in the same direction as the axis
of the Helmholtz coils and is also the direction in which the
beam’s rectangular cross section increases. From evB,

= ma,, a, can be found for the values of B, listed in Table

Ifor R, =0.05 m. A graph of a, vs z was made, but not
shown here, then the average value of a, in the interval z,,
toz, | wasused in the spreadsheet calculations. The time
for the electrons to travel through a semicircular arc was
calculated by dividing the arc length (7X0.05 m) by
v, = 5.93%x 10° ms~'. This gave 26.5 ns. The calculations
were done for ten values at increments of 2.65 ns. It was
felt that ten intervals were sufficient for this experiment.
The spreadsheet program allowed for an iteration ap-
proach to be used, and two iterations per time increment
were sufficient.

A measurement of the half-height z of the fan at a dis-
tance L = 0.09 m along the circumference gave a value of
0.018 m. Thisis in excellent agreement with the calculated
value given tn Table II for the n = 6 calculated half-height.
Therefore, it is felt that the students second question has
also been answered.

That the B, component of the magnetic field had a negli-
gible effect on the half-height z calculation can be shown by
considering the last line in Table II. At this point B, is the
greatest and would have the largest effect. However, if the
initial speed v, of 8.2 X 10° ms~"' is multiplied by 26.5 ns,
the time that is took the electrons to traverse the semicircle,
and added to the initial displacement of 0.005 - m, z is found
to be 0.027 m. Comparing this value to the last half-height
of 0.027 m given in Table I, it can be seen that the force
due to B, contributes a negligible amount to the calculated
displacement at the end of the path. At intermediate points
the effect is less. The relatively small change of the speed v,
shown in Table II also indicates that B, has a small effect
on the half-height. Hence, as stated at the end of Sec. III,
the B, component of the magnetic field does not cause a
significant amount of the beam spreading.
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Moving a Hall specimen perpendicular to the magnetic field and in the opposite direction to the
drift motion of carriers with exactly the drift velocity results in a compensation of the Hall
voltage. Thus a drift velocity of, e.g., 0.6 mm s™" in Cu can be directly observed.

INTRODUCTION

Electrical signals in metal conductors spread almost at
the speed of light, whereas the average velocity of electrons
involved in signal propagation is much slower. Even to
physics students who are used to describing signal propa-
gation in terms of waves in an incompressible gas, the fact
that the drift velocity of electrons in, for example, copper is
as low as a fraction of a millimeter per second, is quite
astonishing.

Nearly every student of physics has seen the demonstra-
tion of ionic conduction in liquids. Here one can observe
the slow motion of colored ions in an electric field. With
electrons in metals a visual demonstration cannot be per-
formed so easily.

In a collection of short notes on lecture demonstrations
left by the late J. Jaumann' professor emeritus of physics at
the University of Cologne, an experiment is described
which allows for a visual observation of the drift velocity in
metals. The experiment is based upon the compensation of
the Hall voltage in a metal specimen by moving it relative
to the magnetic field. If this motion is carried out so that
the velocity of the drifting electrons is zero with respect to
the magnetic field, the Hall voltage vanishes as the speci-
men moves with exactly the drift velocity in the opposite
direction.

EXPERIMENT

The Hall specimen is mounted on a spindle driven by a
gear motor and can thus be moved at variable speeds
between the 5-mm air gap of an electromagnet. The speci-
men consists of a 17-um-thick Cu foil 120 mm long and 40
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mm wide backed by a thin sheet of glass fiber epoxy which
carries the current contacts and the Hall contacts.

Figure 1 shows the arrangement with contacts g and b
located so that the opposing contact ¢ is electrically
between a and b. This allows for the compensation of a
geometrical mismatch causing a voltage drop between Hall
contacts when current is passed through the specimen
without the magnetic field being switched on.

The main current is about 10 A. The Hall specimen can
be moved with speeds up to 2 mm/s. With 30-mm-diam
pole faces spaced about 5 mm apart, the magnet can supply
a field of 1 T giving rise to a Hall voltage of about 30 V.

With a current of 10 A through the specimen and the
magnet switched off, the position of the virtual contact
between a and b is adjusted with the compensation potenti-
ometer R so that the voltage across the amplifier input ter-

Fig. 1. Hall specimen with compensation contacts g and b 15 mm apart.
The main current contacts 1 and 2 are fastened to the foil by 1-mm-thick
copper bars. The shaded area indicates the pole face area of the magnet. §
is used to protect the amplifier when the magnet is switched on.
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