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 1. r (t) = 2, 3 cos t, −3 sen t ,

|r (t)| = 4+ 9 cos2 t + 9 sen2 t = 13,

L = b
a 13 dt = 13 (b− a)

 2. r (t) = et , et (sen t + cos t) , et (cos t − sen t) ,

|r (t)| = et 1+ 2 sen2 t + 2 cos2 t = 3et ,
L = 2π

0 3et dt = 3 e2π − 1

 3. r (t) = 6, 6 2t, 6t2 ,

|r (t)| = 6√1+ 2t2 + t4 = 6 1+ t2 ,

L = 1
0 6 1+ t2 dt = 1

3 · 6 t + t3 1
0 =

24
3 = 8

 4. r (t) = 2, 2t, 2t , |r (t)| = 2 1+ 2t2

L = 1
0 1+ 2t2 dt = b

a 2 sec3 θ dθ

= 2
2 [ln |sec θ + tg θ| + tg θ sec θ]ba

= 2
2 ln 1+ 2t2 + 2 t + 2 t 1+ 2t2 1

0

(ou use a Fórmula 21)

= 2
2 ln 3+ 2 + 2 3

= 3+ 2
2 ln 2+ 3

 5. r (t) = cos t − t sen t, sen t + t cos t, 1 ,

|r (t)| = cos2 t + t2 sen2 t + sen2 t + t cos2 t + 1

= t2 + 2

L = π/2
0 t2 + 2dt = b

a sec3 θ dθ

= ln t2 + 2+ t + 1
2 t t2 + 2 π/2

0

(ou use a Fórmula 21)

= ln π 2

4 + 2+ π
2 + π

4
π 2

4 + 2− ln 2

 6. r (t) = et (cos t + sen t) i + et (cos t − sen t) j,

ds/dt = |r (t)| = et (cos t + sen t)2 + (cos t − sen t)2

= et 2 cos2 t + 2 sen2 t = 2et

s (t) = t
0 |r (u)| du = t

0 2eu du = 2 et − 1 ⇒

1
2 s + 1 = et ⇒ t (s) = ln 1

2 s + 1 . Portanto,

r (t (s)) = 1
2 s + 1 sen ln 1

2 s + 1 i

+ cos ln 1
2 s + 1 j

 7. r (t) = 2 i + j − 5 k,
ds/dt = |r (t)| = 4 + 1 + 25 = 30 e
s (t) = t

0 |r (u)| du = t
0 30 du = 30 t

⇒ t (s) = 1
30 s . Portanto,

r (t (s)) = 1 + 2
30 s i + 3 + 1

30 s j − 5
30 s k.

13.3  SOLUÇÕES

 8. |r (t)|

= (−3 cos2 t sen t)2 + 3 sen2 t cos t 2 + (−2 sen2t)2

= 9 sen2 t cos2 t cos2 t + sen2 t + 4 sen2 2t

= 9
4 (2 sen t cos t)2 + 4 sen2 2t = 9

4 + 4 sen2 2t

= 5
2 sen 2t

Então para 0 ≤ t ≤ π
2 ,

s (t) = t
0 |r (u)| du = 5

2
t

0 sen 2u du

= − 5
4 [cos 2u]t0 =

5
4 (1 − cos 2t)

Portanto, t (s) = 1
2 cos− 1 1 − 4

5 s e

r (t (s)) = cos3 1
2 cos− 1 1 − 4

5 s i

+ sen3 1
2 cos− 1 1 − 4

5 s j

+ cos 2 · 1
2 cos− 1 1 − 4

5 s k

= cos3 1
2 cos− 1 1 − 4

5 s i

+ sen3 1
2 cos− 1 1 − 4

5 s j + 1 − 4
5 s k

 9. (a) T (t) = r (t)
|r (t)|

=
1

16 + 9
4 cos 4t, 3,−4 sen 4t

= 1
5 4 cos 4t, 3,−4 sen 4t

N (t) = T (t)
|T (t)|

=
5

16 · 5
16 sen 4t, 0,−16 cos 4t

= sen 4t, 0,− cos 4t

(b) κ (t) = |T (t)|
|r (t)|

=
16

5 · 5
=

16
25

 10. (a) T (t) = r (t)
|r (t)|

=
1

6 (1+ t2 )
6, 6 2t, 6t2

=
1

1+ t2
1, 2t, t2

N (t) = T (t)
|T (t)|

=
1

|T (t)|
−

2t
(1 + t2 )2 1, 2t, t2

+
1

1+ t2
0, 2, 2t

=
1+ t2

2
1

(1 + t2 )2 −2t, 2 1 − t2 , 2t

=
1

2 (1+ t2 )
−2t, 2 1 − t2 , 2t

(b) κ (t) = |T (t)|
|r (t)|

=
2

1+ t2
· 1

6 (1+ t2 )

=
1

3 2 (1+ t2 )2
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 11. (a) T (t) = r (t)
|r (t)|

=
1

2 sen2 t + 2 cos2 t
− 2 sen t, cos t, cos t

= 1
2 − 2 sen t, cos t, cos t

N (t) = T (t)
|T (t)|

=
1

2 cos2 t + 2 sen2 t
− 2 cos t,−sen t,− sen t

= 1
2 − 2 cos t, − sen t, − sen t

(b) κ (t) = |T (t)|
|r (t)|

=
1
2

 12.  (a) r (t) = t2 , 2t, 2 ⇒

|r (t)| = t4 + 4t2 + 4 = (t2 + 2)2 = t2 + 2 . Assim

T (t) = r (t)
|r (t)|

=
1

t2 + 2
t2 , 2t, 2 .

T (t) = −2t
(t2 + 2)2 t2 , 2t, 2 + 1

t2 + 2
2t, 2, 0

(pelo Teorema 13.2.3 #3)

=
1

(t2 + 2)2 −2t3 ,−4t2 ,−4t

+
1

(t2 + 2)2 2t3 + 4t, 2t2 + 4, 0

=
1

(t2 + 2)2 4t, 4 − 2t2 ,−4t

|T (t)| = 1
(t2 + 2)2 16t2 + (16 − 16t2 + 4t4 )+ 16t2

=
1

(t2 + 2)2 √4t4 + 16t2 + 16

=
1

(t2 + 2)2 4 (t2 + 2)2 =
2 t2 + 2
(t2 + 2)2

=
2

t2 + 2
Portanto,

N (t) = T (t)
|T (t)|

=
1/ t2 + 2 2

2/(t2 + 2)
4t, 4 − 2t2 ,−4t

=
1

t2 + 2
2t, 2 − t2 ,−2t

(b) κ (t) = |T (t)|
|r (t)|

=
2/ t2 + 2
t2 + 2

=
2

(t2 + 2)2

 13. (a) T (t) = 1
2+ e2 t + e− 2 t

2, et ,−e− t

=
1

et + et
2, et ,−e− t

=
1

e2 t + 1
2e2 t , e2 t ,−1

  

T (t) = −2e2 t

(e2 t + 1)2 2et , e2 t ,−1

+
1

e2 t + 1
2et , 2e2 t , 0

=
1

(e2 t + 1)2 −2 2e3 t + 2e3 t + 2et ,

−2e4 t + 2e4 t + 2e2 t , 2e2 t

=
1

(e2 t + 1)2 2 et − e3 t , 2e2 t , 2e2 t

|T (t)| = 1
(e2 t + 1)2 2 (e2 t + e6 t − 2e4 t )+ 8e4 t

=
2et

(e2 t + 1)2 e2 t + 1 = 2et

e2 t + 1

N (t) = 1
(e2 t + 1)2

e2 t + 1
2et

2 et − e3 t , 2e2 t , 2e2 t

=
1

2 (e2 t + 1) et
2 et − e3 t , 2e2 t , 2e2 t

=
1

e2 t + 1
1 − e2 t , 2et , 2et

(b) κ (t) = 2et

(e2 t + 1)
· 1
et + e− t

=
2e2 t

(e2 t + 1)2

 14. (a) T (t) = 1
4t2 + 4t4 + 1

2t, 2t2 , 1

=
1

2t2 + 1
2t, 2t2 , 1

T (t) = − 2t2 + 1 − 2 (4t) 2t, 2t2 , 1

+ 2t2 + 1 − 1 2, 4t, 0

=
1

(2t2 + 1)2 −8t2 + 4t2 + 2,

−8t3 + 8t3 + 4,−4t

=
1

(2t2 + 1)2 1 − 2t2 , 2t, −2t

|T (t)| = 1
(2t2 + 1)2 √1 − 4t2 + 4t4 + 8t2 = 2

2t2 + 1

N (t) = 2
(2t2 + 1)2 · 2t2 + 1

2
1 − 2t2 , 2t, −2t

=
1

2t2 + 1
1 − 2t2 , 2t, −2t

(b) κ (t) = 2
2t2 + 1

· 1
2t2 + 1

=
2

(2t2 + 1)2

 15. r (t) = j − 2t k, r (t) = −2 k, |r (t)|3 = 4t2 + 1 3/2 ,
|r (t) × r (t)| = |−2i| = 2,

κ (t) = |r (t) × r (t)|
|r (t)|3

=
2

(4t2 + 1)3/ 2

 16. r (t) = 1,−1, 6t , r (t) = 0, 0, 6 ,

|r (t)|3 = 2+ 36t2 3
= 2 1+ 18t2 3/2 ,

|r (t) × r (t)| = −6,−6, 0 = 6 2,

κ (t) = |r (t) × r (t)|
|r (t)|3

=
6 2

[2 (1 + 18t2 )]3/2 =
3

(1 + 18t2 )3/2
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 17. r (t) = 6t2 ,−6t, 6 , r (t) = 12t, −6, 0 ,

|r (t)|3 = 63 t4 + t2 + 1 3/2 ,

|r (t) × r (t)| = 36 1, 2t, t2 = 36 1+ 4t2 + t4 ,

κ (t) = |r (t) × r (t)|
|r (t)|3

=
36√1+ 4t2 + t4

63 (t4 + t2 + 1)3/2

=
1+ 4t2 + t4

6 (t4 + t2 + 1)3/2

 18. r (t) = 2t, 2t − 4, 2 , r (t) = 2, 2, 0 ,

|r (t)|3 = 4t2 + 4t2 − 16t + 16+ 4 3/2

= 8 2t2 − 4t + 5 3/2 ,

|r (t) × r (t)| = 4 −1, 1, 2 = 4 6,

κ (t) = |r (t) × r (t)|
|r (t)|3

=
4 6

8 (2t2 − 4t + 5)3/2

=
6

2 (2t2 − 4t + 5)3/2

 19. r (t) = cos t, − sen t, cos t ,
r (t) = sen t, − cos t, − sen t ,

|r (t)|3 = cos2 t + 1 3 ,

|r (t) × r (t)| = 1, 0,−1 = 2,

κ (t) = |r (t) × r (t)|
|r (t)|3

=
2

(1 + cos2 t)3/2

 20. r (t) = 2, et ,−e− t . O ponto (0, 1, 1)

corresponde a t = 0 , e r (0) = 2, 1,−1

⇒ | r (0)| = 2 2
+ 12 + (−1)2 = 2.

r (t) = 0, et , e− t ⇒ r (0) = 0, 1, 1 .

r (0) × r (0) = 2,− 2, 2 ,

|r (0) × r (0)| = 22 + − 2 2
+ 2 2

= 8 = 2 2

Então κ (0) = |r (0) × r (0)|
|r (0)|3

=
2 2
23 =

2
4

.

 21. y = 1
2 x

, y = − 1
4 (x )3/2 ,

κ (x ) = |y (x )|

1+ (y (x )) 2 3/2 =
1

4 |x 3/2 |
1

[1+ 1/ (4x )]3/2

=
2

(4x + 1)3/2

 22. y = cos x , y = − sen x ,

κ (x ) = |y (x )|

1+ (y (x )) 2 3/ 2 =
|sen x |

(1 + cos2 x )3/ 2

 23. y = 1
x

, y = − 1
x 2 ,

κ (x ) = |y (x )|

1+ (y (x )) 2 3/2 =
−1
x 2

1
(1 + 1/x 2 )3/2

=
1
x 2

x 2 3/2

(x 2 + 1)3/2 =
|x |

(x 2 + 1)3/2

 24. κ (t) = |ẋ ÿ − ẍ ẏ |
(ẋ 2 + ẏ2 )3/ 2 =

3t2 (2) − (6t) ( 2t)
(9t4 + 4 t2 )3/ 2

=
6t2

(t2 )3/ 2 (9t2 + 4)3/ 2 =
6t2

|t |3 (9t2 + 4)3/ 2

=
6

|t | (9t2 + 4)3/ 2

 25. κ (t) = |ẋ ÿ − ẍ ẏ |
(ẋ 2 + ẏ2 )3/2

=

(sen t + t cos t) (−2 sen t − t cos t)
− (2 cos t − t sen t) ( cos t − t sen t)

(ẋ 2 + ẏ2 )3/ 2

=

−2 sen2 t − 3t sen t cos t − t2 cos2 t
− 2 cos2 t − 3t cos t sen t + t2 sen2 t

(ẋ 2 + ẏ2 )3/ 2

=
− sen2 t + cos2 t 2+ t2

sen2 t + 2t cos t sen t + cos2 t
+ t2 cos2 t − 2t sen t cos t + t2 sen t

3/2

=
2+ t2

(1 + t2 )3/2


