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A System of Central Forces :

Interaction forces between nodes i and j:
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A System of Central Forces :

Internal Loads External Loads

F, Vector Vector
@ \ s .
2
Fl (3) Fn P _ _Pz F _ f.2

-p, f

Unbalanced load vector

g=P-F

Solve for Equilibrium: Find X | g (x*) =0

Defining a Displacement Vector:

X=X, +U

We can alterantively  Find u” | g (u*) =0
solve:

Newton’s Method.:

Kti = a9 Tangent stiffness matrix
au|,
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A System of Central Forces : Considering the existence of 4 elements,
we define a vector of element loads:
FZ
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N,
(2) 3
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N=N(u)=| .
Nb bx1
0 0 -« 0 o N,
R | o v 0 N,
Element (2) ti des /'to J; : 0 o
ement (), conecting nodes 7to J, = .
contributes to P with a load - P at [Py ] 0 0+ 0 0 I[N
node /and a node +Fy; at node J: : : : 0 : : :
L o | 0 0 0 0
“Geometric operator’ for element (e): c®

b
Gobal geometric operator: C= Z c®
(e)=1

Global Internal load vector: P=CN

The tangent stiffness then becomes:

<=2 (eN-F) ”
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Alternative Method: Dynamic Relaxation

Mii+Cu +P(u(t))=F,

Force Density Method (shape finding):




Geometrically Exact Truss/Cable Element

u® = [ul} p© = {pl} _ {_V} N® — cON®
u2 6x1 P, 6x1 v

p® =0, ifr<e”
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Geometrically Exact Truss Element
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Geometrically Exact Truss Element

b
K, = Z A(e)Tkt(e>A(e) kK® - 2
(e)=1 au(e)
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Summary: Geometrically Exact Truss Element

K9 =0, ifr<e

Finite-difference approximations to k,

For each element, we can partition the stiffness matrix into columns:
ki :[k; ki - k¢

(]
Ndot

where | are the directional derivatives of g with respect to each
component ¢
(or “degree of freedom”) of , approximated by a central finite-

difference schegvxeszl e/ e . . . . e
kS =E[g (u +h6j)—g(u —hﬁj)], J=1 Ny

and where A is a scalar parametepgnd is a perturbation of
the J* degree of freedom of the system, such that
5, =[5] o=hot=l
=[s], i=1...,n
P s =0, 0= *

In MATLAB environment, in a desktop computer with Intel’'s i7-
3770s CPU, we found a good performance with

h=4c~10"
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A hanging cable modeled with truss elements,
solved through Newton’s Method. Several iterations are shown:

V4

) L

Exercise &: Consider an assembling of two elements of length
L/2, as shown in figure below.

Assemble the stiffness matrix of the system, according to the
formalism shown previously, and show that the stiffness of the
intermediate node, in the vertical direction, is k, =4N /L
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Force densities for truss / cable elements

Global internal forces vector:

b
P - ZAeT pe
e=1
> -V & X=X/ | N
P:ZAETNe R :ZA” [
e=1 v el X=X Xi —XiE
.. N N
Force Densities: n=r——=¢t—=—"¢
X® —X° (¢
j i

e

p- > A n Xie_xj _ 2 AeT |3 _Ia A°
=2 AT, Xt —xE | 2 AN, -1, 1 X
e-1 j i e=1 3

. I, -l
Constant element stiffness: ke = ne[ N 3}

Global Equilibrium A linear system: [Z AT nekZAer =Kx=F

Some isotropic solutions:
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Some non-isotropic solutions:

LA
=

11

n,=10;n, =1

n, =4 n, =1
n, =10

n,=2n =1

(Isotropic case)

n, =10

Some non-isotropic solutions:
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Some non-isotropic solutions:

Some non-isotropic solutions:
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Some non-isotropic solutions:

Exercise 7: The Motorway problem.
Finding the minimum path joining a number of points, iterating
the FDM. Solutions consist of straight lines, connecting at 120°
(Isenberg, 1942). For four points located at the vertices of a
square of side L, the minimum configuration is the ‘hourglass’
shape shown in blue in the first figure. The length of the
horizontal segment is equal tob=(3 _1) L/3

For L=2, one gets 6=0.84530

Furthermore, find the two minimal configurations (in blue) which
are possible for six points located at the vertices of a regular
hexagon. They depend n the different topologies assumed for the
reference configuration (in red).
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Sliding cables

Aufare’s sliding-cable element

t Py v,
Nodal displacements: u =|u, Internal loads vector: p=|p,|=| v, [N=CN
u, Ps _(V1 + Vz)

N = EA(K—E’)

r
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http://upload.wikimedia.org/wikipedia/commons/4/4d/Denver_International_Airport_terminal.jpg

Aufare’s sliding-cable element

Tangent stiffness matrix: k =k, +K_

EA EA M11 M12 _(Mu + M12)
ke:TCCT :T M., M., _(M21+M22)
' ' _(M11+M21) _(M12+M22) (M11+M12+M21+M22)

XM, o S,
1 1
k,=| o M, ~m,
2 2
N N N N
VLNV [—M1+—M2J
‘ [ oo
T —
M =viv; M =l,—-vy, i=12

Sliding cable with Coulomb Friction

" : nid
® né escorregando com atrito P3

o @ n6 de extremidade

. = B - - 2 e
n:_l_e,uﬂ 1 n+1
N2
EA 2
N, =—(¢, - (5)=——N"
148 n+l
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2n N v, 0
N(e)_{N1:|: n+l C(e): 0 v,
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t
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Aufare’s sliding-cable element

Deslocamentos horizontais
®

.
] -
/ > -
! e p_relo e o
S e “
/ s TR g S
T /4 | e T
@
2 1m0 am 50 o4 02 om 0o 5 0m 1. | orizontal

17



16/10/2017

An ideal sliding-cable super-element

nn

o -
A super-element with n nodes and  n,,,=n-1 segments, sliding over n,=n-2 pulleys

w0 0 0 0 0
B = Xia +Up =X, — Uy =X =X

Nseg Ny ~ Neeq . EA/O ) (_(r
0 3 NI > N I R O

r

Nodal displacements: Internal loads vector:
u, v, =1, 1¢, P, VoV,
u=|u, Vo=V, =0 p=|p, |=| v,,-v, [IN=CN
: =N(v,,~-Vv :
u pl ( I_l I ) Pa Via =V

An ideal sliding-cable super-element

Tangent stiffness mathix=k_ +k_

EA —[k. i, j=1..n
k. ——2cct Ko=[k]
¢
' k Mifl Kk i-1 M| Kk i
||—l_7N ¢ ' ||_N + ’ i‘i+1_7N
i-1 i-1 i i
[ﬂ+M‘] ,& 0 0 0 0 0 0 0 0
/n /l [1
M [ﬂ+ﬂ) M, 0 0 0 0 0 0 0
/l [1 lz lz
0 M, [&JrM’] M, 0 0 0 0 0 0
/2 /2 /3 ’]
0 0 0 7M"’
(‘,‘
kg=N 0 0 0 0
0 0 0 0
0 0 0 0
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Application of the sliding-cable super-element
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A Geodesic String super-element

Consider a a chain of n-1 cable p%

elements, connecting n nodes, Internal loads vector: .

under a constant, uniform normal : s s
load: P% =|p¥ f =pﬁ =0

\__//_\

gs
n

For every node, calculate an average normal unit vector:

w (1) ;
Vi:m Wi no. N, kzl"“'nei(l)

k=1

mamalvector
marmal vector

Average normal vectors at the apex of the same pyramid, due to different average criteria
(a) simple average; (b) simple average; () area-weighted; (d) area-weighted; (e) angle-weighted
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A Geodesic String super-element

at each node, remove the normal components of the load vector:

z

se

p; (vv")p" pigS = piSe _<vivTi )piSe = pigS = (I _vivTi )piSe

normal vector

ME=(1-v¥'), MF=M® =0
p® = M®p*

ME 0 0 0
0 MZ 0 0
0O 0 . 0
0 0 0 M?

M =

Internal loads vector: pgs =M 95p59

A Geodesic String super-element

Tangent / secant stiffness

matrf)%pgs o apse T OM® T oM
K — = 2 (M%p%®) =M +(p* — M%K® +(p*
' du 8u( ") ou (p") ou o+ (p7) au
e - 24
Ciy l;
aMgs Rgs N* MQSM
-0 g9s gsy, se vl T i i
ou kt - M kg (I

~ N
ke, = MM

i1

i-1

k¥ =0 ,j<i-1,j>i+l
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A Geodesic String super-element
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