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Revisao
Matriz Transformacéo (Forma Geral)

C9i —Sei 0
sO;ca;_q4 cOicaj_4 —saj_q
sO;sa;j_1 cO;sa;_4 CAj_q
L0 0 0

i—1qr _
il =

Onde:

« q; é adistancia entre Z;,, e Z; ao longo de X;;
* q; € 0 angulo entre Zl+1 eZ emX;

« d; é adistancia entre X;_, e X; ao longo de Z;;
« 6; éoanguloentre X;_; e X; em Z;;

ai—q

—sa;_1d;

cai—1d;




Exercicio

Determinar a cinematica inversa para o manipulador da ultima aula.
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b5




c, =S 00
s.‘ C;, 00
iT=l9 o0 10
o 0 0 1

C; =% 0

o 0 1

L=l 8 oz 0

o 0 O
C —S4 0 as
S: Cs 0 O
IT=|0 0 1 d
o 0 0 1

-0 O O



R P
R11 R12 13 X Ry = —C|C2C4C5C6 +- CICZS4S6 + S|S4C5C6 + 81Cs S+ C15,555¢

R;; R3, Ri3 P, Riz = C1CC4Cs8s + C1C284Cs — §154CsSs + S;CsCs — 1525556

0 0 0 1 Ris = C1C2CySs — S48 + C15,Cs
Ry = —81C3C4C5Cs + §1C2848 — C154C5Cs — C1CoSs + 515255Ce
% Ry = §1C2C4CsS6 + §1C254Cg + C1S4C5Ss — CC4Cq — 51525556

Ry3 = 8§1C2C4Ss + C154Ss + 515,Cs

R3; = $,C4Cs5C¢ — $28545¢ + C255C

R3; = —8,C4C58s — $254C6 — C25556

R33 = —8,C4Cs + C2Cs

P, = —dyS) + (d3 + ds)C152 — a3C1 2

Py = dyCy + (d3 + d4) 5152 — a351C2

P, = (d3 + dy)Cy + a3 5,




Dado:

Ri1 Ry Riz P
Ry1 Ry, Rz By
R3; R3; Riz3 B

0 0 0 1

Encontrar:

01,0;, d4, 04, 05, O¢

az

Srtnatn 3 Scertedles v




Ri1 Riz Riz B
R21 R22 R23 Py

0'1"—10'1"=
BT el =R, Ry Ry P,

0 0 0 1
cl s1 0 O0][Ri1 Rz Riz K
—s1 ¢1 0 Of[Rz1 Ryz Raz By|_ip
0 0 1 OffRy; Rs; Rsz B °
0 O 0 1 0 0 0 1

T=1T3T3TiT2T=

[ ce*(32*%35 - cZ2*c4*ci) + c2*34*36, cZ2¥ce®34 - =6*(32%35 - cZ2¥c4*ch), ch*z3Z2 + c2®¥c4d4®s35, d3I®sZ2 - a3*cZ + d4=s2]
[ - gd¥%z3g6 - ch¥*ce¥=4, ch*ad4%sg - cd¥*ch, s4%ahb, dz2]
[ ce*(c2%3L 4+ cd4*ch*22) - s2%3d4%36, - s6* (c2¥%3L 4+ cd4*ch*32) - ce¥32%34d4, c2%cbh - gcd¥%g2%2L, c2*d3 + c2%d4 4+ a3d*=2]

[ o, o, o, 1]



cl s1 0 O0][Ri1 Rz Riz K

—s1 ¢1 0 Of|Rz1 Ryz Raz By|_ip
-s1*px + cl*py = d2 0 0 1 Of|R3; Rs; R33 P
0 O 0 11l o 0 0 1

Utilizando uma substituicdo trigonomeétrica:

Py = pCOSQ _
bo= psina P =Pitr}  a=atan2(p.p)

cl*sa-sl*ca =d2/p

. ’ d,*
sin(a — 61) = d,/p cos(a —01) = =+ 1—’0—22

Duas solucdes

61 = atan2(p,, p,) — atan2 (dz, i\/p,zc +p5 — d%)




iT=
[ ce6*(=32%=35 - c2*cd*ch) + c2¥=4%s36, c2*cE%34 - s6% (32%35 - c2%cd*ch), cS5*s32 + c2*cd=s5, d3i*s2 - a3*c? + d4*s2)
[ - c4%*36 - cL*ce*s4, cS*34%36 - c4*ch, z4%s35, dz]
[ c6* (c2*a3L 4+ cd*ch*=22) - s2%ad¥*ag, - sS6* (c2¥*3L 4+ cd*cb*=22) - ce¥al2¥ad, c2¥cb - cd¥g2¥ah, cZ2*d3 + c2¥dd 4+ a3¥*=2]
[ o, o, o, 1]
cl s1 0 O][Ri1 Riz Riz P

—s1 ¢l 0 O0||Rz1 Rz Rz By|_ip

-6
0 0 1 0 R31 R32 R33 PZ
0 0 0 1flo o o0 1

clpx + slpy = d3*s2 - a3*c2 + d4*s2
pz = c2*d3 + c2*d4 + a3*s2

-s1*px + cl*py = d2



Somando e elevando ao quadrado tem-se:
expand((c5*s2 + c2*c4*s5, d3*s2 - a3*c2 + d4*s2)"2) + expand((d3*s2 - a3*c2 + d4*s2)"2)=
a3"2*c2"2 + a3"2*s2"2 + c2/"2*d3"2 + 2*c2"2*d3*d4 + c2/2*d4"2 + d3"2*s2/\2 + 2*d3*d4*s272 + d4N2*s2/N2

Separando os termos similares, resulta em:

pi +py +p;—aj—d; = (ds+dy)?

d4=\]p§+p§+p§—a§—d§—d3



Ri; Ryy
_ R R
[OT] 10T= 21 22
1 % " {Rs1 R
0 0
—clc2 s1 «cl1s2
—slc2 —cl1 sl1s2
s2 0 c2
0 O 0
ST=3T2T2T=
[ c4*cS*cE — =4%=36,

[ cd4*=6 + co*ce*s4,

[
[

ce*ak,
0,

R13 Px

Ro3 Py
R33 Pz
0 1
—d1s1 + d3c1s2][Ri1 Rq2
d2cl + d3s1s2 Ry1 Ry
d3c2 R31 Rz,
1 0 0
- c6%s4 - c4*cS*sé, -c4%s5, a3l
c4*ckb — ch*s4*s56, -—-=34*=5, 0]
—-=25%36, c5, d4]
o, o, 1]



—clc2 —c2 *s1 s2 0 J[Ri1 Riz Riz B
s1 —c1 0 0 [[Rz1 Rz Raz B _37
cls?2 s1s2 c2  O||Ry; Rsy Rsz B °

—d1ls1l +d3cls2 d2cl1+ d3sls2 d3c2 1 0 0 0 1

—px.cl.c2 —py.sl.c2. +pz.s2 = a3
px.cl.s2 +py.sl.s2 +pz.c2 = d4

Resolvendo,

_a3.pz—d4.(cl.px + s1.py) 5 d4.pz + a3.(cl.px + sl.py)
 pZ+ (cl.px + s1.py)2 €= pz + (cl.px + sl.py)?

s2

03 = atan2(a3.pz — d4.(c1.px + s1.py),d4.pz + a3.(c1l.px + s1.py))



Exercicio 4.2

Ri1 Ry Riz P
Ry1 Ry, Rz B
R3;1 R3; Riz B

0 0 0 1

or =

CiCxs —CiS3 8 C(CL,+ L))
o7 — $1C3 =518 —C; 8(CoLy + L;)
3 $23 Cy 0 Ssz
0 0 0 1




—C1823
—81523
Co3
0

S
—C
0
0

Ci(C2Ly + Ly)
S$1(CoL, + Ly)
S2L,

1

R11

— R21

R34
0

R12

R32

R3;
0

Ri3

R33

R33
0

Py
P,
F,
1



CiCys —CiS3 S C(C2L,+ Ly) Ri1 Ry; Riz P

gT — SlC23 —SlS23 —C] S] (C2L2 + L]) OT — R21 R22 R23 Py
523 C23 0 S2L, > R3; R3; Riz P
v 0 0 1 o 0 o0 1

Sl = R13 —C1 = R23

91 = atanZ(ng, —R23)

SeR13=0o0u R23 =07



CiCxs —CiS3 8 Ci(CiLy+ Ly) Ri1 Riz Riz B

o = [ i€ =813 —Ci $i1(CoLa + Ly) op _ [R21 Raz Raz By
S23 Cx 0 $;L, R3; R3; Riz P

0 0 0 1 0 0 0 1



CiCxs —-CiS3 8 C(Cly+ L))
op — | S1ICs =818 —Cy S(CLy + Ly)
’ S23 Ca 0 S, L,

0 0 0 1

px =cl.(c2.12 +11)

py =s1.(c2.12+11) pz=s2.12

C, =i(ﬁ—l1) C, =l(§—i/—l1)

0, = atan2 (%, Cz)

R11

— R21

R34
0

R12

R32

R3;
0

Ri3

R33

R33
0

Py
P,
P,
1



CiCxs —CiS3 8 Ci(CiLy+ Ly) Ri1 Riz Riz B

o = [ i€ =813 —Ci $i1(CoLa + Ly) op _ [R21 Raz Raz By
S23 Cx 0 $;L, R3; R3; Riz3 P

0 0 0 1 0 0 0 1



CiCys —CiS3 S C(C2L,+ Ly) Ri1 Ry Rz B
' g $1C3 =815 —C; S§(CLy + Ly) op — [Rz21 Rz Rzz By
S23 (65 0 S$2L, 3 R3; R3; Ri3 P,
0 0 0 1 0 0 0 1
S23 = Ry
Cy3 = R33

03 = atan2(R31,R3;) — 0,
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