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Introdução

Embora os métodos de Galerkin descontínuo (DG) tenham
sido originalmente aplicados a problemas hiperbólicos,
mais recentemente formulações apropriadas para
problemas elípticos e parabólicos têm sido desenvolvidas.

A principal motivação para isso é resolver as equações do
escoamento viscoso compressível com uma única
formulação, facilitando a paralelização do código.

Apresentaremos as diferentes formulações de fluxo difusivo
desenvolvidas e compararemos seus desempenhos.
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Fluxo difusivo – formulação inconsistente I

Equação de difusão unidimensional: ∂u
∂t = ∂2u

∂x2 .

Admitindo condições de contorno periódicas, aplicamos o
método dos resíduos ponderados e fazemos a integração por
partes. Para um elemento Ωj com centro geométrico em x = 0,
temos então,∫

Ωj

∂u
∂t v dx+

∫
Ωj

∂u
∂x

∂v
∂x dx−

(
∂ũ
∂x

)
R
v−

R +
(
∂ũ
∂x

)
L
v+

L = 0. (1)

Assumindo a condição inicial,

u(x , 0) = u− + H(x)(u+ − u−), H(x) =


0 x < 0

1/2 x = 0
1 x > 0
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Fluxo difusivo – formulação inconsistente II

Temos a solução analítica

u(x , t) = 1
2(u+ + u−) + 1

2(u+ − u−) erf
( x√

4t

)

Em x = 0, u(0, t) = 1
2(u+ + u−), ∀t > 0. Assim, uma

escolha natural para o fluxo numérico é a média dos valores à
esquerda e à direita da descontinuidade, ou seja,(

∂ũ
∂x

)
R

= 1
2

[(
∂u
∂x

)−

R
+
(
∂u
∂x

)+

R

]
.

Substituindo a expressão do fluxo na expressão (1), temos a
seguinte expressão semidiscreta para uma malha equispaçada

∂uj
∂t + 1

∆x2 [Auj−1 + Buj + Cuj+1] = 0
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Fluxo difusivo – formulação inconsistente III

Essa formulação, embora seja estável, é inconsistente. Por
exemplo, tomando P = 0, teremos ∂uj

∂t = 0.

101 102
10−2

10−1

100

Number of Elements

L 2 E
rro

r

P = 1
P = 2
P = 4

0 1 2 3 4 5 6 7 8 9 10
10−3

10−2

10−1

100

101

Polynomial Order
L 2 E

rro
r

Convergência da solução numérica da equação de difusão com
condição inicial u(x , 0) = sen x , em um domínio x ∈ [0, 2π].
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Fluxo difusivo – formulação consistente I

Nos concentraremos especificamente no fluxo devido a um
operador de segunda ordem (laplaciano), por isso,
consideraremos o problema modelo:

−∇2u = f em Ω,
u = 0 em ∂Ω

Reescrevemos o problema como um sistema de primeira ordem

σ = ∇u em Ω,
∇ · σ = f em Ω,

u = 0 em ∂Ω
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Fluxo difusivo – formulação consistente II

Multiplicando essas equações respectivamente pelas funções de
teste τ e v e integrando num elemento Ωe e aplicando o
teorema da divergência nos termos dos lados direitos:∫

Ωe
στdx = −

∫
Ωe

u∇τdx +
∫

∂Ωe
uτnds,∫

Ωe
σ∇vdx =

∫
Ωe

fvdx +
∫

∂Ωe
σvnds.

Os espaços de funções apropriados são:

Vh := {v ∈ L2(Ω) : v |Ωe ∈ Pp(Ωe) ∀Ωe},
Σh := {τ ∈ [L2(Ω)]2 : τ |Ωe ∈ [Pp(Ωe)]2 ∀Ωe}.
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Fluxo difusivo – formulação consistente III

Podemos então aproximar os termos de fronteira com fluxos
numéricos ũ e σ̃:∫

Ωe
στdx = −

∫
Ωe

u∇τdx +
∫

∂Ωe
ũτnds,∫

Ωe
σ∇vdx =

∫
Ωe

fvdx +
∫

∂Ωe
σ̃vnds.

A escolha do fluxo afeta a estabilidade e acurácia do método,
assim como a esparsidade e simetria das matrizes.
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Fluxo difusivo – consistência e conservação

O fluxo numérico é consistente se

ũ(v) = v |∂Ωe , σ̃(v ,∇v) = ∇v |∂Ωe

sempre que v for uma função suave que satisfaça condições de
contorno do tipo Dirichlet.

Os fluxos numéricos ũ e σ̃ serão conservativos se ũ(·) e σ̃(·, ·)
tem valor único em ∂Ωe .
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Fluxo difusivo – média e salto I

Para uma variável q, definimos a média {q} e o salto JqK de q
numa aresta e compartilhada pelos elementos Ω1 e Ω2, cujas
normais n1 e n2 de e apontam para o exterior de Ω1 e Ω2

respectivamente:

{q} = 1
2(q1 + q2), JqK = q1n1 + q2n2.

Se q for escalar, o salto JqK é um vetor paralelo à normal da
aresta. Se q for um vetor, o salto é um escalar.

Temos a seguinte identidade:∫
∂Ωe

qeϕeneds =
∫

∂Ωe
JqK{ϕ}ds +

∫
∂Ωe
{q}JϕKds
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Fluxo difusivo – média e salto II

Portanto, podemos escrever:∫
Ωe
στ dx = −

∫
Ωe

u∇τ dx +
∫

∂Ωe
JũK{τ}n ds +

∫
∂Ωe
{ũ}JτKn ds,∫

Ωe
σ∇v dx =

∫
Ωe

fv dx +
∫

∂Ωe
Jσ̃K{v}n ds +

∫
∂Ωe
{σ̃}JvKn ds.

Ou, alternativamente:∫
Ωe
∇u∇v dx +

∫
∂Ωe

(Jũ − uK{∇v} − {σ}JvK) ds+

+
∫

∂Ωe
({ũ − u}J∇vK− Jσ̃K{v}) ds =

∫
Ωe

fv dx .
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Fluxo difusivo – operadores auxiliares

Operadores de “lifting” r e l :∫
Ωe

r(ϕ)τ dx = −
∫

∂Ωe
ϕ{τ} ds,

∫
Ωe

l(q)τ dx = −
∫

∂Ωe
qJτK ds

αj(u, v) =
∫

∂Ωe
µJuK · JvK ds.

onde µ é uma penalidade.

αr (u, v) =
∫

Ωe
ηr(JuK) · r(JvK) dx .

onde η é um número positivo.
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Tipos de fluxos difusivos - formulação escalonada
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Table 3.1
Some DG methods and their numerical fluxes.

Method ûK σ̂K

Bassi–Rebay [10] {uh} {σh}
Brezzi et al. [22] {uh} {σh} − αr([[ uh ]])

LDG [41] {uh} − β · [[ uh ]] {σh} + β[[ σh ]] − αj([[ uh ]])

IP [50] {uh} {∇huh} − αj([[ uh ]])

Bassi et al. [13] {uh} {∇huh} − αr([[ uh ]])

Baumann–Oden [15] {uh} + nK · [[ uh ]] {∇huh}
NIPG [64] {uh} + nK · [[ uh ]] {∇huh} − αj([[ uh ]])

Babuška–Zlámal [7] (uh|K)|∂K −αj([[ uh ]])

Brezzi et al. [23] (uh|K)|∂K −αr([[ uh ]])

Table 3.2
Primal forms for the DG methods in Table 3.1.

Method Bh(w, v)

Bassi–Rebay [10] g − 〈{∇hw}, [[ v ]]〉 − 〈[[ w ]], {∇hv}〉 +
(
r([[ w ]]), r([[ v ]])

)

Brezzi et al. [22] g − 〈{∇hw}, [[ v ]]〉 − 〈[[ w ]], {∇hv}〉 +
(
r([[ w ]]), r([[ v ]])

)
+ αr(w, v)

LDG [41] see (3.27)

IP [50] g − 〈{∇hw}, [[ v ]]〉 − 〈[[ w ]], {∇hv}〉 + αj(w, v)

Bassi et al. [13] g − 〈{∇hw}, [[ v ]]〉 − 〈[[ w ]], {∇hv}〉 + αr(w, v)

Baumann–Oden [15] g − 〈{∇hw}, [[ v ]]〉 + 〈[[ w ]], {∇hv}〉
NIPG [64] g − 〈{∇hw}, [[ v ]]〉 + 〈[[ w ]], {∇hv}〉 + αj(w, v)

Babuška–Zlámal [7] g + αj(w, v)

Brezzi et al. [23] g + αr(w, v)

In Table 3.1 we summarize the interior edge flux choices for the four methods just
discussed and a variety of other methods which have appeared previously. In Table 3.2
we show the primal bilinear forms for these same methods. For convenience, in Table
3.2 we write g for the gradient term (∇hw,∇hv) and use the shorter notation (a, b)
and 〈a, b〉 instead of

∫
Ω

ab dx and
∫
Γ

ab ds.

We close this section with some comments on the tabulated methods. First, we
note that the scalar flux û is consistent for all the methods. The vector flux σ̂ is
consistent for the first seven of the nine methods, but not for the last two. This
lack of consistency can be seen from the primal forms as well. If w is a smooth
function which vanishes on ∂Ω, then the first seven primal forms tabulated reduce to
Bh(w, v) = (∇w,∇hv) − 〈{∇w}, [[ v ]]〉, which is equal to (−∆w, v) for all v ∈ H1(Th).
For the last two methods, the edge terms are missing, and so the primal form is
inconsistent. The consistent methods are shown in the left oval of the Venn diagram
in Figure 3.1.

Next we note that the vector flux σ̂ is conservative for all the methods, and
thus the conservation property (3.2) is satisfied for all of them. The scalar flux
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Table 3.1
Some DG methods and their numerical fluxes.

Method ûK σ̂K

Bassi–Rebay [10] {uh} {σh}
Brezzi et al. [22] {uh} {σh} − αr([[ uh ]])

LDG [41] {uh} − β · [[ uh ]] {σh} + β[[ σh ]] − αj([[ uh ]])
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Babuška–Zlámal [7] (uh|K)|∂K −αj([[ uh ]])

Brezzi et al. [23] (uh|K)|∂K −αr([[ uh ]])

Table 3.2
Primal forms for the DG methods in Table 3.1.

Method Bh(w, v)

Bassi–Rebay [10] g − 〈{∇hw}, [[ v ]]〉 − 〈[[ w ]], {∇hv}〉 +
(
r([[ w ]]), r([[ v ]])

)

Brezzi et al. [22] g − 〈{∇hw}, [[ v ]]〉 − 〈[[ w ]], {∇hv}〉 +
(
r([[ w ]]), r([[ v ]])

)
+ αr(w, v)

LDG [41] see (3.27)

IP [50] g − 〈{∇hw}, [[ v ]]〉 − 〈[[ w ]], {∇hv}〉 + αj(w, v)
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In Table 3.1 we summarize the interior edge flux choices for the four methods just
discussed and a variety of other methods which have appeared previously. In Table 3.2
we show the primal bilinear forms for these same methods. For convenience, in Table
3.2 we write g for the gradient term (∇hw,∇hv) and use the shorter notation (a, b)
and 〈a, b〉 instead of

∫
Ω

ab dx and
∫
Γ

ab ds.

We close this section with some comments on the tabulated methods. First, we
note that the scalar flux û is consistent for all the methods. The vector flux σ̂ is
consistent for the first seven of the nine methods, but not for the last two. This
lack of consistency can be seen from the primal forms as well. If w is a smooth
function which vanishes on ∂Ω, then the first seven primal forms tabulated reduce to
Bh(w, v) = (∇w,∇hv) − 〈{∇w}, [[ v ]]〉, which is equal to (−∆w, v) for all v ∈ H1(Th).
For the last two methods, the edge terms are missing, and so the primal form is
inconsistent. The consistent methods are shown in the left oval of the Venn diagram
in Figure 3.1.

Next we note that the vector flux σ̂ is conservative for all the methods, and
thus the conservation property (3.2) is satisfied for all of them. The scalar flux
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We then define αr(ϕ) = −ηe{re(ϕ)} on e. Note that re(ϕ) vanishes outside the
union of the one or two triangles containing e and that r(ϕ) =

∑
e∈Eh

re(ϕ) for all

ϕ ∈ [L1(Γ)]2. If we keep the choice of û in (3.21), but change αj to αr in the choice
of σ̂, we obtain a method of Bassi et al. [13]. In this case the primal form is

Bh(uh, v) =

∫

Ω

∇huh · ∇hv dx −
∫

Γ

([[uh ]] · {∇hv} + {∇huh} · [[ v ]]) ds + αr(uh, v),

where

αr(uh, v) =

∫

Γ

αr(uh) · [[ v ]] ds =
∑

e∈Eh

∫

Ω

ηe re([[uh ]]) · re([[ v ]]) dx.(3.24)

As a fourth example we consider the LDG method introduced in [41]. The fluxes
are taken as

û = {uh} − β · [[uh ]] on Γ0, û = 0 on ∂Ω,(3.25)

and

σ̂ = {σh} + β[[σh ]] − αj([[uh ]]) on Γ0, σ̂ = {σh} − αj([[uh ]]) on ∂Ω.(3.26)

Here β ∈ [L2(Γ0)]2 is a vector-valued function which is constant on each edge. From
the scalar flux choice (3.25), we get {û−uh} = −β ·[[uh ]] on Γ0 and [[ û−uh ]] = −[[uh ]]
on Γ so that (3.9) gives

σh = ∇huh + τ,

where

τ = r([[uh ]]) + l(β · [[uh ]]) ∈ Σh.

Then the vector flux choice (3.26) gives

σ̂ = {∇huh} + {τ} + β[[∇huh ]] + β[[ τ ]] − αj([[uh ]])

(with the term involving β missing on ∂Ω). Using (3.8) we obtain

∫

Γ

{σ̂} · [[ v ]] ds =

∫

Γ

{∇huh} · [[ v ]] ds +

∫

Γ0

[[∇huh ]]β · [[ v ]] ds

−
∫

Ω

[r([[ v ]]) + (β · [[ v ]])] · τ dx − αj(uh, v).

Substituting in (3.11) and recalling the definition of τ , we obtain the following bilinear
form for the LDG method:

(3.27) Bh(uh, v) =

∫

Ω

∇huh · ∇hv dx −
∫

Γ

([[uh ]] · {∇hv} + {∇huh} · [[ v ]]) ds

+

∫

Γ0

(β · [[uh ]][[∇hv ]] + [[∇huh ]]β · [[ v ]]) ds

+

∫

Ω

[r([[uh ]]) + l(β · [[uh ]])] · [r([[ v ]]) + l(β · [[ v ]])] dx + αj(uh, v).
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IP [50] LDG [41]
Baumann–Oden [15] Babuška–Zlámal [7]

Brezzi et al. [22]
Bassi–Rebay [10] Brezzi et al. [23]

NIPG [64] Bassi et al. [13]

consistent methods (section 3.4) stable methods (section 4.2)

Fig. 3.1. Consistency and stability of some DG methods.

is conservative for the first five methods listed, so they are adjoint consistent, but
not for the last four methods. In fact, for the Baumann–Oden [15] method and its
stabilized version, the nonsymmetric interior penalty Galerkin method (NIPG), the
primal form is not even symmetric. For the methods of Babuška and Zlámal [7] and
Brezzi et al. [23], the primal form is symmetric, but since it is not consistent, it is
also not adjoint consistent.

Finally, we remark on the sparsity of the stiffness matrix arising from the primal
form. Let w, v ∈ Vh with w supported in a single triangle K1 and v supported in
a triangle K2. Clearly, the term (∇hw,∇hv) entering the primal forms will vanish
unless K1 = K2. The terms given by integrals over Γ and (for LDG) over Γ0 will
vanish unless K1 and K2 share an edge, and the same is true of the penalty terms
αj(w, v) and αr(w, v). However, this is not true of the additional domain integral
terms that occur in the first three methods: these terms will, in general, be nonzero if
there is a third triangle K which shares an edge with each of K1 and K2. Thus these
terms have a significant negative impact on the sparsity of the stiffness matrix. In
some cases the problem can be made less severe. For example, for the LDG method, if
we take β = −nK/2 on some edge e of a triangle K, and v is supported in K, then we
can check that r([[ v ]])+ l(β · [[ v ]]) vanishes on the triangle across e from K. Cockburn
and Shu [41] used this technique to reduce the stencil of the LDG equations in the
framework of one-dimensional convection-diffusion problems; see their equation (2.9).
Moreover, some superconvergence results can be proved for the LDG methods with
such a choice of β; see [24], [36].

4. Boundedness, stability, and approximation properties. In this section,
we discuss separately the boundedness and stability of the bilinear form Bh and the
approximation properties of the space Vh with respect to an appropriate norm. We
will then be ready to carry out a unified error analysis.

4.1. Boundedness. To consider the boundedness and stability of the primal
forms Bh, we let V (h) = Vh + H2(Ω) ∩ H1

0 (Ω) ⊂ H2(Th) and define the following
seminorms and norms for v ∈ V (h):

|v|21,h =
∑

K

|v|21,K , |v|2∗ =
∑

e∈Eh

‖re([[ v ]])‖2
0,Ω,(4.1)

|||v|||2 = |v|21,h +
∑

K∈Th

h2
K |v|22,K + |v|2∗.(4.2)
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Table 6.1
Properties of the DG methods.

Method Cons. A.C. Stab. Type Cond. H1 L2

Brezzi et al. [22] ! ! ! αr η0 > 0 hp hp+1

LDG [41] ! ! ! αj η0 > 0 hp hp+1

IP [50] ! ! ! αj η0 > η∗ hp hp+1

Bassi et al. [13] ! ! ! αr η0 > 3 hp hp+1

NIPG [64] ! × ! αj η0 > 0 hp hp

Babuška–Zlámal [7] × × ! αj η0 ≈ h−2p hp hp+1

Brezzi et al. [23] × × ! αr η0 ≈ h−2p hp hp+1

Baumann–Oden (p = 1) ! × × - - × ×

Baumann–Oden (p ≥ 2) ! × × - - hp hp

Bassi–Rebay [10] ! ! × - - [hp] [hp+1]

optimal error bounds can be proved in the H1-norm. The least stable method seems
to be the first method of Bassi and Rebay, which might have a singular matrix on
certain grids. However, the use of a right-hand side f which is locally a polynomial
of degree p − 1 makes the system compatible, and then stability and optimal error
bounds are achieved in a suitable seminorm (essentially obtained by projecting the
error onto the space of piecewise polynomials of degree p − 1).

These results are summarized in Table 6.1, which reports, for the various meth-
ods, consistency, adjoint consistency, stability, type of stabilization term, theoretical
requirement on η0 = infe ηe for stability, and rates of convergence in H1(Th) and in
L2. In the last row the brackets around the convergence rate are to remind us that
the estimates (5.27) and (5.28) are bounds only on certain seminorms of the error.

Although we have considered only the model problem of the Laplacian with homo-
geneous Dirichlet boundary conditions on a convex polygon, extension of our frame-
work and analysis to more general scalar elliptic operators and more general boundary
conditions can be easily carried out. There can, however, be several variants of this
extension since the definition of the auxiliary variable σh can take several forms; see,
for example, [41] and [33]. Of course, DG methods also can be easily defined for nu-
merically approximating the solutions of more complex problems such as, for example,
the system of linear elasticity, the Stokes system, the Maxwell equations, and plate
problems. Much of the approach proposed in this paper can be carried over to those
situations.

While the framework and analysis we have set out are helpful for comparing
various DG methods and for comparing them with other methods, we certainly do not
claim that they are sufficient for these purposes. We have mentioned in passing some
potential advantages of DG methods, especially their utility in convection-dominated
problems, the possibility of using nonconforming meshes, and perhaps their suitability
for h-, p-, and hp-adaptivity. Moreover, a variety of other motivations for their use
have been put forth by other authors in a variety of situations. Clearly, to ascertain
the extent to which these advantages are realized for a particular DG method and
a particular class of problems will require further work, especially numerical studies.
A significant numerical comparison of DG methods for elliptic problems has been
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