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26. Consider the initial value problem {see Example 4)
yﬂ' + Sy" +ﬁy = U' y(O) — 2’ )ﬂ’[ﬂ} = ﬁ’

where g > O.

(a) Solve the initial value problem.

(b) Determine the coordinates t,, and y,, of the maximum point of the solution as functions
of g.

(¢) Determine the smallest value of g for which y, > 4.

(d) Determine the behavior of ¢, and ym as 8 - oo.



26(a). The characteristic roots are 7 = — 3, — 2. The solution of the itial value
problem is y(t) = (6 + 3)e™% — (4 + F)e 3.

. - : ‘ - - 3(4+3) _ 4(6+8)°

(b). The maximum point has coordinates ¢, = In [m} LYo = N
p -1

(€). yo = ;‘-:5;2}2 >4 ,aslongas 3 > 6+ Gﬁ.

(d). 3121;: to=Inj. :}Lnalc Yo = OO



24. Consider the initial value problem
S+ +Tu=0, w0 =2 0 =1.

(a) Find the solution u(¢) of this problem.
(b} Find the smallest T such that |u()| < 0.1 forallt> T.



24(a). The characteristic equation is 57> + 27 + 7 = 0, with roots 7 = — %i?"TP’J‘

The solution is u = c,e”2cos Y21 + e 2sin \/Tt. Invoking the given 1nitial

o

conditions. we obtain the equations for the coefficients: ¢, =2, — 2+ /34¢c, = 5.
Thatis, ¢; = 2. ¢, = 7/+/34 . Hence the specific solution is

u(t) = 2e Peos Y—t+ e Psin ~—t.
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(b). Based on the graph of u(t). T 1s in the interval 14 < ¢ < 16. A numerical solution
on that interval vields 7" == 14.5115 .



15. Consider the initial value problem
4" +12y + 9y =0, yO)=1, YO =-4

(a) Solve the initial value problem and plot its solution for0 < ¢ < 5.
(b) Determine where the solution has the value zero.
(c) Determine the coordinates (f, ¥o) of the minimum point.

(d) Change the second initial condition to y'(0) = b and find the solution as a function
of b. Then find the critical value of b that separates solutions that always remain positive
from those that eventually become nepative,



15(a). The characteristic equation is 472 + 127 + 9 = 0, with the dowuble root r = — %

The general solution is y(t) = c,e ™2 + c,t e73%/2. Invoking the first initial condition,
it follows that ¢, = 1. Now y/(t) = ( — 3/2 + c)e¥? — %cgt e/ The second
initial condition requires that — 3/2 4+ ¢, = —4.o0r ¢ = — 5/2. Hence the specific
solution is y(t) = e™*/% — 3t e/,
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(b). The solution crosses the x-axis at t = 0.4.
(c). The solution has a minimum at the point (16,/15, — 5e=%/%/3).
(d). Given thaty'(0) =b.wehave —3/2+c =b.or ¢c = b+ 3/2. Hence the

solution is y(t) = e+ (b + 2)t e~ Since the second term dominates. the long-
term solution depends on the sign of the coefficient b + % The critical value1s b = —

B [ €2



In each of Problems 19 through 26:

(a) Determine a suitable form for Y (r) if the method of undetermined coefficients i< to be
used.

23. y" — 4y + dy = 2% 4 dte¥ +isin 2t



23. The characteristic roots are » = 2,2. Hence v () = ce2t + cote®t. Consider the
functions g, (t) = 2£2. go(t) = 4te?. and g;(t) = ¢ szn 2t . The corresponding forms of
the respective parts of the particular solution are Y;(#) = 49 + At + Ast? Ys(t) =

— e?(Byt? 4+ B3t?). and Yi(t) = t(Cicos 2t + Casin 2t) + (Dicos2t + Dosin2t).
Substitution into the equation and comparing the coefficients results in

1 2 1 1
Y(t) = 1 (3 + 4f + Qtz) + ﬁtSe.Zf + gt cos 2t + E(COS 2t — sin2t).



In each of Problems 13 through 20 verify that the given functions y, and y; satisfy the corre-
sponding homogeneous equation; then find a particular solution of the given nonhomogeneous
equation. In Problems 19 and 20, g is an arbitrary continuous function.

13. 2y =2y =321, (>0; "= ph=r!



13. Note first that p(t) = 0.q(¢) = — 2/¢% and g(¢) = (3t — 1)/¢2. The functions
y,(t) and y,(t) are solutions of the homogeneous equation, verified by substitution. The

Wronskian of these two functions is W (y,.y,) = — 3. Using the method of variation of
parameters. the particular solution is Y () = u,(t) y, () + u,(t) y»(¢). in which
. 7132 — 1)
(t) = — ——dt
) / 2 (1)
=1t2/6+Int
_ t2(3t2 — 1)
t) = | (v dt
talt) / 2W (D)
= —t*/3+1¢/3

Therefore Y (t) = 1/6 + #2Int — /3 + 1/3 . Hence the general solution is

y(t) =t + et + i nt +1/2.



