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m EM basics
m The QED Feynman rules

B QED example processes
» A) Electron-Muon scattering
> B) Electron-electron scattering (Moeller scattering)
> C) Electron-positron scattering (Bhabha scattering)
> D) Photon-electron scattering (Compton scattering)
> E) Electron-positron (Fermion pair production)

m Casimir trick and trace theorems

m Renormalization
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EM basics I 3

m Review

0 Maxwell equations

(1) V-E =4mp B) T.5—0
- 5, 108 L~ 10F 47 -
@ VXE+-—=0 (4) ~oE _
Cat VXB_I—Cat CJ

o Field strength tensor: Anti-symmetry 2nd rank tensor in terms of E and B

0 -E, —-E, —E.
E, 0 -B. B,

= Four-vector: Continuity equation:
E, B. 0 -B, Y
_ - o
Formulation of inhomogeneous Maxwell equations: . FH — 4_7TJV
" —
C
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m Scalar and vector potential

EM basics I 4

O The 3 Maxwell is equivalent to the statement for the magnetic field:

B=VxA

O The 2" Maxwell takes the following form:

B . 10A
VX|E+—-—1]=0
+ c Ot
O The electric field can be written as follows:
. - 19A
E=-VV--="
c Ot

O Relativistic notation:

FH = QrAY — 9 A

o

At = (V, A)

Introduction to Nuclear and Particle Physics -8.701
Department of Physics, MIT - Spring 2007

Defect of potential formulation:
= V and A are not uniquely determined!

F-Vxi Fe-vy_194
c Ot

New possible potential:

A=A, + O\

Change of potential: Gauge
transformation: Lorentz condition

0, A" =0
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EM basics I

m Photon field

Q Inhomogeneous Maxwell equations

D, 0" A — 0" (9, APy = T v

C
0 With Lorentz condition: Photon field in QED
2
l@_ — V) AY = dm JV
c2 Ot? c

Q Free photon case:

c? Ot?
a Solution: > pP'p, =0 FE =|plc

( 1 92 V2> AV —0 O Constrain: Massless particle: Photon

Al(z) = ae” C/MIPT e (4) )

\ Polarization vector

Introduction to Nuclear and Particle Physics -8.701
Department of Physics, MIT - Spring 2007

Bernd Surrow



EM basics | 6

m Polarization vector

O Lorentz condition requires:
pte, =0

o

0 Inthe Coulomb gauge,ie.: V - A= 0

0 The polarization three-vector is perpendicular to the direction of propagation: Free
photon is transversely polarized: Coulomb gauge = Transverse gauge

0 Two linear independent three-vectors Two linear independent three-

/ vectors perpendicular to p!
€, = (1,0,0) €s = (0,1,0)

o Note:

® Massless particle: Only two spin states (helicity +1 or -1) regardless of its spin, except
spin O with only one spin statel

® Massive particle: 2s+1 spin states (3 for spin 1 particlel)
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QED Feynman rules | ’

m Lagrangian in QED
0 Sum of Dirac free field (charged particles) and interaction term:

EQED — Lfree + Linteraction —

_ _ 1 _
= theyy" 0,1 — melinh — FFWFW — q(vyH') A,
0y

Compare this to:

1 1 . TN
Ly =———F,F" —-JA, Here: JH = cq(PyH)
167 c
0 Local gauge invariance
® Lgep can be formally obtained from L, with the following substitution: . q

® With this substitution, L;,,, is invariant under the following local gauge fransformation: U(1)

Q/) N ei@(:]:),(/)

® With the above substitution of the partial derivative, we convert a global invariant Lagrangian into
a locally invariant Lagrangian. This is called minimal coupling rulel
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QED Feynman rules | 8

B General considerations: Electron/Positron

0 Relativistic quantities

E =/m2c* + 22 p=(E/c,p))

0 Electron and positron spinor

() = ae” P (p)  p(x) = aeHPTS(p)

0 Dirac equation for electron and positrons s

~q

(Wup,u - mc) =0
(Y¥py —mec)u=0 (v*p, +mec)v =0 Adjoint: <

g v(Y*pu +me) =0

0 Properties among electron and positron spinors

® Orthogonal:
ab . w2 = 7M. 2 =

° i ion: — —_
Normalization: u = 2me v = —2me
E (s)7(s) — (K ($)75(s) — (AHy
® Completeness: uru — (7 Pu + mc) v — ('7 Pu mc)
s=1,2 s=1,2
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QED Feynman rules | ?

m General considerations: Photon
0 Relativistic quantities
p=(Efe,) E=|le
0 Photon field
A (x) = ae” W/RIPTer (g s=1,2

0 Lorentz gauge €/p, =0

€, = (1,0,0)

e e _

e e,=1 €(1)€n(2) 0 & = (0,1,0)

0 Coulomb gauge

e =0 e-p=20

D (e))ilelsy); = 6ij — pib;

s=1.,2 o

1,9 =1,....4
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m 1 Notation

QED Feynman rules |

QO Label incoming and outgoing four-momenta: p,, p,..., p, and the corresponding spins: s;, s,,..., S,

O Assign arrows:

® External lines: Electron, positron

® Tnternal lines: Preserve direction of flow

m 2 External lines

a Electron:
®  TIncoming: Uu
" Outgoing: Uu
O Positron:
®  Incoming: v

® Outgoing: v

Q Photon:
®  Incoming: et
® Outgoing: et
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m 3 Vertex factor 1geY"

¢ — au’)/u

m 4 Propagator

O Electron/Positron

O Photon

Je =

10

(v qu + me)

q> — m2c?

o,
q2

Bernd Surrow



QED Feynman rules | i

m 5 Conservation of energy and momenta
(271')4(54(/{31 + kQ + k’g)

m 6 Integrate over internal lines
dq
(2m)*

m 7 Cancel the delta function
0 The result will include a factor: (271')4(54 (pl + P2+ ... — pn)

Corresponding to overall energy-momentum conservation. Cancel this factor and what remains is -iM!

m 8 Antisymmetrization

Q Include a minus sign between diagrams that differ only in the interchange of fwo incoming (or outgoing)

electrons (or positrons), or of an incoming electron with an outgoing positron (or vice versa).
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QED example processes | 12

m A) Electron-muon scattering

0 Feynman graph
P3, 53

P1, 51

0 Application of Feynman rules:

(2m)* / (@) (p3) (iger* )u'™ (p1)] —ZQQHV (@ (pa) (igen”)u'*) (p2)]

x6*(p1 — ps — q)* (p2 + ¢ — pa)d’q

0 Integration over qyields:

2
ge =S S —\S S
M = — 5[5 (pa)yHutD) (p1)][a) (pg) v, (p2)]
(p1 — p3)
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QED example processes | 13

m B) Electron-electron scattering (Moeller scattering)

ge —(S3 S1 —(S54 52
M :_(pl _pS)Q[U( )(P:s)’Y“U( )(p1)][’u( )(P4)%U( )(Pz)]

Interchange: ps,s5 P4.S4

g2
(p1 — pa)

+ S [a59 (pa)y ul) ()] [0 (p3) v, u*>) (p2))]
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m B) Electron-electron scattering (Moeller scattering)

O Cross-section calculation

do a2(2E2—m2)2[ 4 3 (E2—m?)? (1+ 4 )]

aa 4E2%2(E?% —m2)2 |sin* 6  sin%4 i (2E2 — m?)2 sin” @
Scaling in: s = 4E?

D\Relaﬁzisﬂc limit: m/FE — 0 Rutherford term!
do. a2 ( 1 ‘/)

R 1
dQY  4E? \sin*§/2 T cos? 6/2 "

a Non-relativistic limit: E2 ~ m?, v? = (E? — m?)/E?

, / Rutherford terml
1 1 1

£ ) |
a2  \m/ 16v* \sin*0/2  cos*0/2  sin?6/2cos26/2
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QED example processes I =

m C) Electron-Positron scattering (Bhabha scattering)

P3, 53

e +

P1,; 51 P2, S2
g2
M =~ 5 (@09 (p3)y w1 (p1)][00°) ()7, 0" (py)]
(p1 —p3)?

ge (s3) (54) (s2) (s1)

My = TETSE (@ (p3)y 0t (pa) [0 (p2) v '™ (p1)]
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m C) Electron-Positron scattering (Bhabha scattering)

0 Comparison of Bhabha scattering results at PETRA (DESY) and QED calculations

R R MARK-T
% - VS = 34,5 GeV ]
§o | ;{ {_i —é——i—- — ";; -
Scaling in: s = 4E% = “[I7 T}LTHT}‘ Fht 44 3
2 o9} - Y
% I TASSO ] g 1
08l | _ s
1 | | L | o | 1 1 1 1 ' | S %
a Relativistic/limit: -08 -06 -04 -02 00 02 04 06 08 -
; A 6 cos ¥ A 9 10°
do o) I 4+cos*60/2 1 cos™ 0/2
_— = 5 1 / +—(1+C0820)—22—/ borerted
d) 8E sin® 6 /2 2 sin“6/2] °

\ . foos |
0 Non-relativistic limit: (  Rutherford term!

do <a>2 1
dQ  \m/ 16vtsin®6/2
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m D) Photon-electron scattering (Compton scattering)

P4, S4 P3; $3 Pa, 54 P3; S3
M My
P1, 81 b2, 52 D1, 81 P2, $2
0 Amplitudes:
2
9e _ *
My = oz —mze AW = P+ me)d(3) u(D)]
g2
Mz = ; [@(4)(3)" (1 + P + me)d(2)"u(1)]

(p1 + p2)? — m?c?
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m D) Photon-electron scattering (Compton scattering)

do a2 (kf

E B 4m2 kz
do o
@~ e
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do/dQ in 107em?/steradian

=]
i~}

W
Q

ad

«
=
T

N
S
T

QED example processes | 18

1,25MeY }{\ﬂ i

0,662MeV -
{Cs 137 )

NG~

by .

3

1 1 1 i 1 1 1 1
0 20 40 60 80 100 120 140 160 180

¥ in Grad
Hofstadter 1949 and
Bernstein 1956

ki
1+ (ki/m)(1 — cos@)
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m E) Electron-positron (Fermion-pair production) s, 55 D4, 54

Charge of fermion pair!

2
Mo 99

5 [0 (p2) D) (p1)][@'*) (p3)7,0 ) (pa))

(p1 + p2)
2 ¢ ’
do Q 2\ .
—_— = Nc—ﬁ[l + cos® 6 + (1 — ,82) sin’ «9] Q2 P1, 51 P2, 52
df? 4s
\ .. _ 2,0
Number of colors: : Nc"3 ! e CELLO
i > JADE
ol oy
Sla v a TASSO
2 =~
AT o2 5 86.8Q0“ nb =
o= N¢ Q° = Ng 5
®
2z
L]
p— 1 1)
s = 4F7 @ 0
Q:::.
G4‘.11.;...J..-.fnl4;nlj_Ltbi
] 500 1000 1500 2000 - 2500
s1{Gev?)
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Casimir trick and trace theorems I 20

m Casmir trick
O See Latex document

O Result:

> [u(a)Tyu(b)][a(a)Laub)]* = TrL1(y + mpe)D2(Pa + mac)]

all spins

No spinors on left sidel
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Casimir trick and trace theorems I 21

m Trace theorems

O General identities:

Tr(A+ B) = Tr(A)+ Tr(B)
Tr(aAd) = aTr(A)
Tr(AB) = Tr(BA)
Tr(ABC) = Tr(CAB) = Tr(BCA)
0 Important relations among gamma matrices:
g;wg‘“’ — 4
~A AV — A 3 7 | 5
T ." - T (29l ." / ) {,:",y’,}:u} — 9 [
= 29" — "
— 2 ,\!,. v 4,\‘"]/ A"‘.“ ,:".[l — 4
— _2"!"1/
Ty Y = 4g"?
Introduction to Nuclear and Particle Physics -8.701 Bernd Surrow
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Casimir trick and trace theorems I 22

m Trace theorems

Tr(v"9") = Tr(y"4" +4"9") /2
= Tr(24")/2
= ¢""1Tr(1)
— 4g™

Tl‘("}"ﬂ"‘,’u")’/\"}’a) — 4 (gpug)\cr o gp)\gucr 4+ gpagu)\)

Note: The trace of the product of an odd number of
gamma matrices is zero!
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Casimir trick and trace theorems |

m Trace theorems involving y°> matrix

Tr(%) =0

5 = in0n1a243
Tr(y*y") = 0

Tr(y9#9 ) = 0

Note: The trace of the product of an odd number of gamma matrices
multiplied by a v matrix is zero!

Tr(1°79") = 0

Tr(7 949"y 7) = 4ie??

Introduction to Nuclear and Particle Physics -8.701
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Casimir trick and trace theorems | 24

m Contraction of ¢ tensor

C#VAO-G#UAO' — —24
G#I/Ao’eul/AT — _6 6.?’

A ¢ A A
fuu 06#1]97‘ — _2 (59 53—. - 57- 53)

—1  for even permutations of 0123

A =L 41 forodd permutations of 0123

| 0 if any 2 indices are the same

Introduction to Nuclear and Particle Physics -8.701 Bernd Surrow
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Renormalization 25

m Introduction

Leading order:

M=o g§p3)2 (@' (p3)y ™ (po)][@™) (pa) 7™ (p2)]

Same process involving loop diagram: Vacuum polarization ,, .. k—q oy
P1, 51 ¢ « P2, 52
I k 9

4 internal lines!

e ) Bk Trif+mow(d —F+mal\ .,
M= " telps ) u() {/ (2m)% (k2 — m2c2)((q — k)2 — m2c2) } [@(pa)y”u(p2)]

Divergent integrall
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m Dealing with divergent terms (1)

0 The solution fo this problem contributed enormously to the development of QED (Dirac,
Pauli, Kramers, Weisskopf, Bethe besides Tomonaga, Schwinger and Feynman)

0 The procedure to deal with divergent loop terms is call renormalization!

0 General concept: Redefinition of masses and coupling constants

Mphysical — Mbare +om

Iphysical = Gbare + 09
physica are (  Contains divergent terms!

/

Special case: Lowest order
What we measure!

9physical — Ybare

Introduction to Nuclear and Particle Physics -8.701 Bernd Surrow
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m Dealing with divergent terms (2)

hatadRN = p
. 2

o Technical idea: /00 dr /M2 dr M2

m2 m2 xr m

0 With this procedure M becomes:

2 [2 2
_ G e M —q
M = —QS[U(pﬂ“U(Pl)]qu {1 T 1272 [ln (m2> -/ <m262>] }

X[ (pa)y u(ps)]

0 Introduce renormalized coupling constant:

_ L e g, (M2
IR = Je 1272\ mo

Introduction to Nuclear and Particle Physics -8.701 Bernd Surrow
Department of Physics, MIT - Spring 2007




Renormalization 28

m Dealing with divergent terms (3)

0 Interms of gywe find then for M:

M= g3 [alpa)*u(p)) 25 {1+ Ji i s ) Hator ateo)

1272 m2c?

0 Two terms: Consequence of loop
diagram: g2 dependence

® Infinite term: absorbed in g Eff QED 11
ect in is small!

® Finite ferm: depends on g2 (f-term)

0 Express end result in terms of o Note: If all infinities arising from
higher-order diagrams can be
ge = VAT accommodated through

renormalized quantities, a theory is

2\ _ a(O) _q2 said to be renormalizable!

All gauge theories are
renormalizable: t'Hooft/Feldman

Introduction to Nuclear and Particle Physics -8.701 Bernd Surrow

Department of Physics, MIT - Spring 2007



