
Chapter 1

Electromagnetic Torque

1.1 Magnetic Flux Density Approach

Rotor surface magnetic flux density ( ~Br) is written in (1.1), considering rotor references as given in
Fig. 1.1 and considering the following conditions:

• for −l/2 ≤ z ≤ −l/2 and r = rr, Br is written as in 1.1;

• for z < −l/2 or z > l/2, Br = 0.

~Br(θ, r, z) = Br(θ)~ar (1.1)
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Figure 1.1: Rotor references.

Considering the rotor of Fig. 1.1 in the situation of Fig. 1.2. Now, the flux density at each conductor
is given by (1.2). So, θ1 = α + θs − θr and θ2 = −α + θs − θr.

~B(θ) = B(θ)~ar (1.2)

The force in a set of conductors, perpendicular to the plane of rotor, is given by (1.3), which
consider the effective current is those conductors (iST ), not the total. This effective current is given
by (1.4).

~F = ~iST × ~B · l (1.3)
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Figure 1.2: Stator references for a given rotor position (θr).

iST = Nsksis (1.4)

B(θ) =
∞
∑

n=−∞

b̄nejnθ (1.5)

~F(+) = NsksislB(α + θs − θr) ( ~az × ~ar)
~F(−) = NsksislB(−α + θs − θr) (− ~az × ~ar)

(1.6)

Rotor electromagnetic torque (1.7) is a reaction to forces given by (1.6).

~T1s(θr) = −
(

(r ~ar) × ~F(+) + (r ~ar) × ~F(−)

)

(1.7)

~T1s(θr) = −Nsksisrl (B(α + θs − θr) − B(−α + θs − θr)) ~az (1.8)

B(α + θs − θr) − B(−α + θs − θr) =
∞
∑

n=−∞

(

b̄nejn(α+θs−θr) − b̄nejn(−α+θs−θr)
)

(1.9)

~T1s(θr) = −2jNsksisrl
∞
∑

n=−∞

b̄n sinnα ejn(θs−θr) (1.10)

The magnetic flux in a spire is Φs.

Φs(θr) = Nsks

∫ l

−l

∫ α+θs

−α+θs

B(θ − θr) r dθ dz = Nsksrl

∫ α+θs

−α+θs

(

∞
∑

n=−∞

b̄nejn(θ−θr)

)

dθ (1.11)

∫ α+θs

−α+θs

∞
∑

n=−∞

b̄nejn(θ−θr)dθ =
∞
∑

n=−∞

b̄n

∫ α+θs

−α+θs

ejn(θ−θr)dθ (1.12)
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∫ α+θs

−α+θs

ejn(θ−θr)dθ =
ejn(θ−θr)

jn

∣

∣

∣

∣

∣

α+θs

−α+θs

=
1

jn

[

ejn(α+θs−θr) − ejn(−α+θs−θr)
]

=

=
1

jn
ejn(θs−θr)

(

ejnα − e−jnα
)

=
1

jn
ejn(θs−θr)2j sinnα =

2 sin nα

n
ejn(θs−θr)

(1.13)

Φs(θr) = Nsksrl
∞
∑

n=−∞

b̄n2 sin nα

n
ejn(θs−θr) (1.14)

Φ̄sn =
Nsksrlb̄n2 sinnα

n
ejn(θs−θr) (1.15)

b̄n =
nΦ̄sn

2Nsksrl sin nα
(1.16)

~T1s(θr) = −2Nsksisrl

(

∞
∑

n=−∞

j
nΦ̄sn sinnα

2Nsksrl sinnα
ejn(θs−θr)

)

~az (1.17)

~T1s(θr) = −is

(

∞
∑

n=−∞

jnΦ̄snejn(θs−θr)

)

~az (1.18)

As B(θ) is Real and Even1 (series b̄n is purely real and b̄n = b̄(−n)), simplifications shown in (1.19)
are valid, because of (1.15).

∞
∑

n=−∞

jnΦ̄snejn(θs−θr) =
∞
∑

n=1
jnΦ̄snejn(θs−θr) + 0 +

∞
∑

n=1
j(−n)Φ̄s(−n)e

−jn(θs−θr) =

=
∞
∑

n=1
jnΦ̄sn

(

ejn(θs−θr) − ejn(θs−θr)
)

= −
∞
∑

n=1
nΦ̄sn2 sin n(θs − θr)

(1.19)

Simplifications shown in (1.19) leads to final electromagnetic torque equation due to one stator
coil in (1.20).

~T1s = is

∞
∑

n=1

2Φ̄snn sinn(θs − θr) ~az (1.20)

Equation (1.20) implies that for a coil at θs = 0 and for rotor in its origin, rotor magnetic and
stator magnetic fluxes are aligned, rotor is in its stable position.

Another simplification is made in (1.21) by the following: if f(t) is Real and f(t) ⇔ F (n), then
F ∗(n) = F (−n).

F (n) = jnΦ̄snejn(θs−θr)

F ∗(n) = −jnΦ̄∗

sne−jn(θs−θr)

F ∗(n) = F (−n)

∞
∑

n=−∞

F (n) =
∞
∑

n=1
F (n) + 0 +

∞
∑

n=1
F (−n) =

∞
∑

n=1
F (n) +

∞
∑

n=1
F ∗(n)

(1.21)

1I do not like this hypothesis. If B(θ) is not Even?
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∞
∑

n=−∞

jnΦ̄snejn(θs−θr) =
∞
∑

n=−∞

jn
(

Φ̄snejn(θs−θr) − Φ̄∗

sne−jn(θs−θr)
)

(1.22)

Φ̄sn = ℜ(Φ̄sn) + jℑ(Φ̄sn) = a + jb and θ = θs − θr

Φ̄snejn(θs−θr) − Φ̄∗

sne−jn(θs−θr) = (a + jb)ejnθ − (a − jb)e−jnθ =

= a
(

ejnθ − e−jnθ
)

+ jb
(

ejnθ + e−jnθ
)

= 2ja sinnθ + 2jb cos nθ

(1.23)

With simplifications shown in (1.23), B(θ) can be even, odd, or any. Using (1.23), it leads to (1.24),
(1.25) and (1.26).

~T1s = is

∞
∑

n=1

2n
(

ℜ(Φ̄sn) sin n(θs − θr) + ℑ(Φ̄sn) cos n(θs − θr)
)

~az (1.24)

~T1s = is

∞
∑

n=1

2n

(

(Φ̄sn + Φ̄∗

sn)

2
sinn(θs − θr) +

(Φ̄sn − Φ̄∗

sn)

2j
cos n(θs − θr)

)

~az (1.25)

~T1s = is

∞
∑

n=1

2nℑ
(

Φ̄snejn(θs−θr)
)

~az (1.26)

Comparing (1.18) to (1.26)...

1.2 Back Electromotive Force Approach

Φ′

s(θr) =
dΦs(θr)

dθr

⇒ Φ̄′

sn = −jnΦ̄sn (1.27)

From (1.14) and (1.27):

Φ′

s(θr) = −2Nsksrl
∞
∑

n=−∞

b̄n sinnαejn(θs−θr) (1.28)

T1s = isΦ
′

s(θr) (1.29)

T1s = −2jisNsksrl
∞
∑

n=−∞

b̄n sinnα ejn(θs−θr) (1.30)

1.3 Three Phases

Three phases: a at position θs = 0 rd, b at θs = 2π/3 rd and c at θs = −2π/3 rd.

Tel = ia

∞
∑

n=−∞

−jnΦ̄sne−jnθr + ib

∞
∑

n=−∞

−jnΦ̄snejn( 2π

3
−θr) + ic

∞
∑

n=−∞

−jnΦ̄snejn(− 2π

3
−θr) (1.31)

Tel = ia

∞
∑

n=−∞

−jnΦ̄sne−jnθr + ib

∞
∑

n=−∞

−jnΦ̄sne−jnθrejn 2π

3 + ic

∞
∑

n=−∞

−jnΦ̄sne−jnθre−jn 2π

3 (1.32)
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Tel = −
∞
∑

n=−∞

(

iajnΦ̄sne−jnθr + ibjnΦ̄sne−jnθrejn 2π

3 + icjnΦ̄sne−jnθre−jn 2π

3

)

(1.33)

Tel = −

∞
∑

n=−∞

jnΦ̄sne−jnθr

(

ia + ibe
jn 2π

3 + ice
−jn 2π

3

)

(1.34)

Defining īαβn as in (1.35), it is possible to write electromagnetic torque as in (1.37).

īαβn = ia + ibe
jn 2π

3 + ice
−jn 2π

3 (1.35)

Tel = −
∞
∑

n=−∞

jn īαβnΦ̄sne−jnθr (1.36)

Or:

Tel =

∞
∑

n=−∞

īαβnΦ̄′

sne−jnθr (1.37)

For īαβn:

īαβn =











0 for n = 3k

ia + ibe
j 2π

3 + ice
−j 2π

3 for n = 3k + 1

ia + ibe
−j 2π

3 + ice
j 2π

3 for n = 3k − 1

(1.38)



Appendix A

Fourier Series Properties

A.1 Real series

For a real function f(t), periodic, satisfying (A.1) as T as smaller and positive as possible, it is possible
to write (A.2) and (A.3), where a0, an, bn, cn and θn are shown in

f(t) = f(t + T ) (A.1)

f(t) = a0 +
∞
∑

n=1

an cos nωt +
∞
∑

n=1

bn sinnωt , ω =
2π

T
(A.2)

f(t) = a0 +

∞
∑

n=1

cn cos(nωt + θn) (A.3)

a0 =
1

T

∫ T

0
f(t)dt (A.4)

an =
2

T

∫ T

0
f(t) cos nωtdt (A.5)

bn =
2

T

∫ T

0
f(t) sin nωtdt (A.6)

c2
n = a2

n + b2
n (A.7)

θn = arctan
bn

an

(A.8)
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Appendix B

Complex Series

Orthogonality:

∫ T

0
ejkωte−jlωt dt =

{

T if k = l
0 if k 6= l

(B.1)

If f(t) ⇔ {Fn} then F{F (t)} = Fn and:

Fn =
1

T

∫ T

0
f(t) e−jnωt dt (B.2)

F{sq(t)} =
2

jπn
ejnωt (B.3)

F{sin ωt} =
1

2j
ejωt −

1

2j
e−jωt (B.4)

Properties:

• if f(t) is purely real, then: F−n = F ∗

n ;

• if f(−t) = f(t) (even function) and purely real, then: F−n = Fn;

• if f(−t) = −f(t) (odd function) and purely real, then: F−n = −Fn;

B.1 Realationship Between Real and Complex Coefficients

For a purely real function f(t):

a0 = F0 (B.5)

an = Fn + F−n for n 6= 0 (B.6)

bn = j (Fn − F−n) for n 6= 0 (B.7)

Fn =
1

2
(an − jbn) for n > 1 (B.8)

F−n =
1

2
(an + jbn) for n > 1 (B.9)
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And:

Fn = F ∗

−n (B.10)



Appendix C

Parseval’s Theorem

1

T

∫ T

0
f2(t) dt =

∞
∑

n=−∞

|Fn|
2 (C.1)
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