Chapter 1

Electromagnetic Torque

1.1 Magnetic Flux Density Approach

Rotor surface magnetic flux density (B,) is written in (1.1), considering rotor references as given in
Fig. 1.1 and considering the following conditions:

o for —[/2<2z< —I/2 and r =1, B, is written as in 1.1,

o for z < —l/20r z>1/2, B, =0.

B,(0,r,z) = B.(0)d (1.1)
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Figure 1.1: Rotor references.

Considering the rotor of Fig. 1.1 in the situation of Fig. 1.2. Now, the flux density at each conductor
is given by (1.2). So, 01 = a+ 05 — 0, and O3 = —a + 65 — 0,.
B(9) = B(0)a (1.2)

The force in a set of conductors, perpendicular to the plane of rotor, is given by (1.3), which
consider the effective current is those conductors (igr), not the total. This effective current is given

by (1.4).

F=igrxB-l (1.3)
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Figure 1.2: Stator references for a given rotor position (6,.).

isT7 = Nsksis (1.4)
> bl (1.5)

F(oy = NokislBa+ 6, — 6,) (a2 % )

1.6
F(—) = NsksislB(_a + 605 — 9r) (—(1_,; X a_;‘) ( )

Rotor electromagnetic torque (1.7) is a reaction to forces given by (1.6).
Tro(6)) = — ((m;) X Foy + (rd) x F{_)) (1.7)
Ti(0,) = —Nskgisrl (B(a + 05 — 0,) — B(—a + 05 — 0,)) @ (1.8)
B(a+6;—0,) — B(~a+0,—0,)= > (Bnejn<a+9s—9r> - Bnej“—aws—@r)) (1.9)
fls(ﬁr) = —2jNgkyigrl Z by, sin na e?™M0s=0r) (1.10)

n=-—00

The magnetic flux in a spire is ®;.

a+05 a+0s 0 B ]
= Nk / / ) rdfdz = Nk rl/ > e ) ap (1.11)
a+0s —atbs

n=—oo

a+0s OO B atls
/ b0 g Z b, / 0= dp (1.12)

Ot-‘r@s n=—oo n—=—oo —a+93
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9 e]n(@ 0r) atls 1 ) )
j‘a-‘r s jin(0— 9"")d9 _ - [ejn(oc+93—9r) _ e]n(—a—l—ﬁs—@r)} _
—a+0; Jin Jn
—atbs (1.13)
1 n(05—0,) (] s 1 n(0s—0r) 0 o 2sinna.(979)
= —eJMY% 0 (e]”a —e Jm) = —eI™M% )24 sinna = eJMPs—0r
jn jn n
o0 7 o
bn2 ,
(I)s(er) — Nsksrl Z we]”(es—er) (114)
n=—oo
., — N,kgrlb,2sin A jn(6,~6,) (1.15)
n
~ )
n 1% sn (1.16)

- 2N kgrlsin no

n®,,sinna
T15(0,) = —2N,kgisrl o gn(0s=0r) | g 1.1
15(0r) st (Z ']2N/<:rlsmnoze ¢ (1.17)
n=—oo
fls(é?r) = —ig ( g jn@snejn(gser)> a, (1.18)
n=-—00

As B(0) is Real and Even' (series by, is purely real and b, = b(_,)), simplifications shown in (1.19)
are valid, because of (1.15).

oo _ . N ‘
> @0 Z B e @0 104 3 j(— 1) By _pye 0 0) =
n=-0o0 n=1

(1.19)
=Y jndy, (ej”(es_e") - ej"(es_QT')) = - nd,,2sinn(ds — 6,)
n=1 n=1

Simplifications shown in (1.19) leads to final electromagnetic torque equation due to one stator
coil in (1.20).

o
Tis = 1 Z 2®,,nsinn (s — 0,)d, (1.20)
n=1
Equation (1.20) implies that for a coil at 6; = 0 and for rotor in its origin, rotor magnetic and
stator magnetic fluxes are aligned, rotor is in its stable position.
Another simplification is made in (1.21) by the following: if f(¢) is Real and f(t) < F(n), then
F*(n) = F(—n).

F(n) = jni)snejn(es_er)
F*(n) = —jn®},e /n0:=0n)

F*(n) = F(—n) (1.21)

S F(n) = §1F(n)+o+ f;lF(_n) _ iF(nH i F*(n)

n=—oo

'T do not like this hypothesis. If B(6) is not Even?
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o [e.e]
D @O0 = N n (i)sneﬂ'”ws—@”—é;ne—jnws—g”) (1.22)

Py = R(Psp) +7S(Psn) =a+jb and 6 =0,—0,
By, el 05 =0r) _ ¥ e=im0s=00) — (g jb)eI™ — (a — jb)e "0 = (1.23)

=a (ejne — efjne) + b (ejne + efjng) = 2jasinnb + 2jb cos nf

With simplifications shown in (1.23), B(f) can be even, odd, or any. Using (1.23), it leads to (1.24),
(1.25) and (1.26).

Tis = is Z 2n (R(Psn) sinn(0s — 0,) + S(Psy) cosn(bs — 6,)) a (1.24)
sn + (I)sn) ((i)sn — i).:n) -
Tis = is Z 2n < sinn(fs — 0;) + 2 cosn(fs — 0,) | ax (1.25)
Tiy =iy Y 203 <<i>snejn(03_9”)) @ (1.26)
n=1

Comparing (1.18) to (1.26)...

1.2 Back Electromotive Force Approach
d®s(6,)

L(0,) = P Pl = —jnds, (1.27)
From (1.14) and (1.27):
' (0,) = —2Ngkgrl i by, sin naed(0s=0r) (1.28)
Tis = iP5 (6;) (1.29)
Tis = —2jigNoksrl i by sinno /(05 =0r) (1.30)
n=—o0o

1.3 Three Phases

Three phases: a at position s =0 rd, b at 5 = 27/3 rd and ¢ at 0, = —27/3 rd.

oo [ oo
Tel:ia Z _jnésneijner"’_ib Z _jn(i)snejn(%_er)+ic Z _jn(i)snejn(_%r_er) (131)

n=—oo n=—0oo n=—oo

00 00 00
Tep = iq Z _jn(i)sneijnw‘i‘ib Z _jnci)snefjn&ejn%r + ic Z —jn(i)sneijneTeijn%T (132)

n=—oo n=—oo n=—oo
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oo
T =— Z (iajni)sne_jner + 'L'b]'TL(i)srLe_jnGTejn277r + icjn(i)sne_jnere_jn%r) (1'33)
n=—oo
o
Tu=— Y jn®ye ™ (z‘a +iped™T + ice’j"%”> (1.34)
n=—oco

Defining iqg, as in (1.35), it is possible to write electromagnetic torque as in (1.37).

Tagn = iq + ipe™ 3 +ie IF (1.35)
m .
Ta=— Y jniapgm®@sme " (1.36)
n=-—oo
Or:
OO .
To= > lapm®,e " (1.37)
n=-—o00
For faﬁn:
0 for n =3k
loapn = fa+ z'bej%r + ice_j%ﬁ for n=3k+1 (1.38)

. . _g2m . 2w
lg +ipe 73 +ice?3 for n=3k—1



Appendix A

Fourier Series Properties

A.1 Real series

For a real function f(t), periodic, satisfying (A.1) as T as smaller and positive as possible, it is possible
to write (A.2) and (A.3), where ag, ay, by, ¢, and 6,, are shown in

f@)=ft+T) (A1)
f(t) :ag+;ancosnwt+;bnsinnwt ,w:%r (A.2)
f(t) =ap+ Z cn cos(nwt + 0,) (A.3)
n=1
T
ao = ;/0 F(t)dt (A.4)
2 T
ap = T/o f(t) cos nwtdt (A.5)
2 (T _
by, = T/o f(t) sin nwtdt (A.6)
2 =a2+b2 (A.7)
bn
0,, = arctan — (A.8)
an



Appendix B

Complex Series

Orthogonality:

T .
; ; T if k=1
Jkwt —jlwt
/0 “c dt_{Oifk:;él

If f(t) < {F,} then F{F(t)} = F, and:

1 T ot
F,=—~ t) eIt gt
T/o fe)e

2 .
— Jnwt
Flsa®)} = 5 e

1 . 1.
F{sinwt} = 2—jewt — z—je_]”t

Properties:
e if f(t) is purely real, then: F_,, = F;
o if f(—t) = f(t) (even function) and purely real, then: F_,, = F,;

e if f(—t) = —f(t) (odd function) and purely real, then: F_, = —F;

B.1 Realationship Between Real and Complex Coefficients

For a purely real function f(t):

ag = Fjy
an=F,+ F_, for n#0
b, =7 (F, — F_,) for n#0
Fn:%(an—jbn) for n > 1

1
., = i(an—i—jbn) for n >1

(B.1)

(B.3)

(B.4)
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And:

F,=F*, (B.10)



Appendix C

Parseval’s Theorem

T 0o
= /0 Pyd= 3 |FP



