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Abstract: Consolidation of inhomogeneous clay with a system of horizontal and vertical drains is considered. Horizontal drains
system are made of multiple thin pervious layers such as sand layers and geotextile sheets, while vertical drains are vertical c
drains. Consolidation behavior with the drain system is formulated using the transfer matrix method. Special care is given to form
of thin pervious layers for efficient computation. The developed formulation is verified using available numerical and field inform
Parametric studies are conducted to study the consolidation characteristics of clay with the drain system. Based on the findings
method for an optimum system of horizontal and vertical drains is proposed and design charts are presented for such a design
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Introduction
Vertical drains such as sand drains discharge the pore wate
clay out of the ground. They are widely used to accelerate
consolidation process for the improvement of soft ground: e
Manila Bay Reclamation Area~Tominaga et al. 1979!, Changi
Airport, Singapore~Choa et al. 1979! and Kansai International
Airport ~Takai et al. 1989; Suzuki and Yamada 1990!. Horizontal
drains discharge the pore water in clay, also. With sufficient ho
zontal drainage rate in the drains, they modify the hydraulic g
dient of vertical flow of pore water in clay to accelerate the co
solidation. Thin sand layers have been used for horizontal dra
in reclaimed lands with clay fill~Watari 1984; Lee et al. 1987;
Karunarathe et al. 1990! and in clay fill embankments~Gibson
and Shefford 1968!. Geotextiles have an excellent performance
discharging pore water to dissipate the pore water pressure m
faster than the original soil mass~Rowe 1992; Loh 1998!. Thus,
they have also been used for horizontal drains in backfills
earth-retaining walls and in embankments for drainage and filt
tion purpose~Tatsuoka et al. 1986; Itoh et al. 1994!. Horizontal
drains in ground generally require some means to take the
lected water out. A combination of vertical and horizontal drai
is, therefore, an advantage for accelerating consolidation in s
clay.

Proper evaluation of consolidation behavior of clay with ve
tical and horizontal drains can be made only by rational analy
When soil is a layered inhomogeneous medium, it is tedious a
considerably difficult to develop analytical expressions for
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consolidation behavior, and thus available expressions are gen
ally limited to very simple cases~Gray 1945; Schiffman and Stein
1970!. Horne ~1964! developed a solution for consolidation be-
havior of soil stratified only in a very special manner, in which
clay and thin sand are layered alternatively and the thickness a
properties are identical for all clay layers and for all sand layer
Abid and Pyrah~1991! formulated a special finite element tech-
nique to handle highly permeable thin layers by using special lin
elements and disk ring elements.

In this paper, a powerful transfer matrix method~Nogami and
Paulson 1984, 1985! is used to formulate the consolidation behav
ior of clay soil with a system of horizontal thin drains and vertica
cylindrical drains. The consolidation behavior of clay with such a
drain system is investigated, and a design method for an optimu
drain system is presented.

Formulations

General Expressions for Excess Pore Water Pressure

Clay ground with a combination of vertical and horizontal drain
is considered. The vertical drains are cylindrical drains installed
an equal spacing distance. The horizontal drains are a number
horizontal, thin, pervious layers such as thin layers of sand
sheets of geotextile. When the horizontal drain layers are thin, t
excess pore water pressure, and thus the horizontal flow, are r
sonably assumed to be uniform along the thickness in the dra
layer. Load is applied uniformly over the entire horizontal groun
surface to produce the one-dimensional loading condition.

The system of clay and drains are divided intoI horizontal
layers, in such a way that the clay can be considered homog
neous within a layer, and a thin sand layer~or geotextile! is lo-
cated only at the layer–layer interface, as shown in Fig. 1. Th
origin of the cylindrical coordinates is set at the center of a cy
lindrical drain at the top of an individual clay layer, in whichz is
positive in the downward direction. The governing equations fo
the excess pore water pressures in an individual clay layer a
thin sand layer are stated, respectively, with the cylindrical coo
dinate system as~Appendix I!
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Fig. 1. Layered clay containing thin pervious layers
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r

]us~r ,t !
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Dq~r ,t !

1
dss~r ,t !
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(2)

where t5time; r and z5coordinates in the radial and vertica
directions of the cylindrical coordinate system, respectively;u
ands5excess pore water pressure and total stress in clay, resp
tively; cz andcr5coefficients of consolidation of clay in the ver-
tical and horizontal directions, respectively;us and ss5excess
pore water pressure and total stress in sand, respectively;Dq
5amount of flow per a unit area discharged into a pervious lay
hs5thickness of pervious layer; andcs and ks5coefficient of
consolidation and permeability of sand, respectively. The abo
coefficients of consolidationcz , cr , and cs are written, respec-
tively, askz /(mcgw), kr /(mcgw), andks /(msgw), wheremc and
ms5volume compressibility of clay and sand, respectively;kz

and kr5coefficients of permeability of clay in the vertical and
radial directions, respectively;ks5coefficient of permeability of
sand; andgw5unit weight of water.

With separation of variables,u(x,y,t) is expressed in the form
of

u~r ,z,t !5u~r !f~z!T~ t ! (3)

Substitution of Eq.~3! into Eq. ~1a! results in three ordinary
differential equations with respect tou(r ), f(z), andT(t). Their
solutions are expressed as~Gibson and Schefford 1968!

u~r !5A3J0~sr!1B3Y0~sr! (4a)

f~z!5A2 cosbz1B2 sinbz (4b)
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T~ t !5A1e2a2t1E
0

t ds~t!

dt
e2a2~ t2t!dt (4c)

where A1;A3 , B2 , and B35unknown constants;J0 and Y0

5first and second kinds Bessel functions of the zeroth ord
respectively;s5parameter later defined by the boundary cond
tions in the radial direction; and

a25czb
21crs

2 (5)

Solution forms of the expressions related tous(r ,t) in Eq. ~1b!
are the same as those above given foru(r ,z,t) with b50. Thus,
substituting Eq.~3! with Eqs.~4a!–~4c! into Eq.~1b! and manipu-
lating it result in the following expression for a thin pervious
layer:

Dq~r ,t !5DQus~r !Ts~ t ! (6)

where the notations with subscripts correspond to those above
defined without subscription; and, replacingb and cr , respec-
tively, with 0 andcs ,

DQ5
kshs

gw
S s22

a2

cs
Dfs (7)

with fs5unknown constant defined later.

Boundary Conditions

It is reasonably assumed that an individual vertical drain and
influence zone in the clay are uncoupled with others in a group
vertical drains~Barron 1948!. By denotingr 05radius of the ver-
tical drain, r 15radial distance of its influence zone, andh5the
thickness of a clay layer, the boundary conditions of thei th clay
layer are given as
1. At r 5r 0 and r 1 :

u~r0,z,t!i50 (8a)

]u~r,z,t!i
]r U

r5r1

50 (8b)

2. At the interface between thei th andi 11th layers:
u~r,h,t!i5u~r,0,t ! i 115us~r ,t ! i ,i 11 (9a)

~ky!i
gw

]u~r,z,t!i
]z U

z5hi

5
~ky!i11

gw

]u~r,z,t!i11

]z U
z5hi11

2Dq~r,t!i,i11

(9b)
3. At the top surface of the first clay layer (i 51):

u~r,0,t !150 pervious surface (10a)

]u~r,z,t!1
]r U

z50

50 impervious surface (10b)

4. At the bottom surface of the bottom clay layer (i 51):
u~r,h,t!150 pervious surface (11a)

]u~r,z,t!1
]r U

z5hi

50 impervious surface (11b)

Substitutions of Eqs.~3! and~4a! into Eqs.~8a! and~8b! result
in homogeneous equations to define an infinite number of eige
values,sn , and their associated eigenvectors,un(r ). The nth ei-
genvector normalized atr 5r 1 is expressed as

un~r !5J0~snr !Y0~snr 0!2J0~snr 0!Y0~snr ! (12)

with sn5nth eigenvalue that is thenth root of the characteristic
equation

J1~sr1!Y0~sr0!2Y1~sr1!J0~sr0!50 (13)
OENVIRONMENTAL ENGINEERING © ASCE / SEPTEMBER 2003 / 839
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Using Eq.~4b!, the following expression is obtained for thei th
layer:

H f~z!

ḟ~z!J
i

5F cos~bz! i sin~bz! i

2~b! i sin~bz! i ~b! i cos~bz! i
G HA2

B2
J

i
(14)

whereḟ(z)5df(z)/dz. Given @f(0)ḟ(0)#5(faḟa), Eq. ~14!
is solved forA2 andB2 and then rewritten as

H f~z!

ḟ~z!J
i

5F cos~bz! i
sin~bz! i

~b! i

2~b! i sin~bz! i cos~bz! i

G H fa

ḟaJ
i

(15)

Therefore,@f(h)ḟ(h)#5(fbḟb) yields

H fb

ḟbJ
i

5F cos~bh! i
sin~bh! i

~b! i

2~b! i sin~bh! i cos~bh! i

G H fa

ḟaJ
i

(16)

Eq. ~9a! leads to us(r )5u(r ), fs5f(h) i , and Ts(t)5T(t).
Substituting Eq.~6! with these relationships into Eqs.~9a! and
~9b!, the boundary conditions stated in Eqs.~9a! and~9b! result in

H fa

ḟaJ
i 11

5F 1 0

~hsks! i ,i 11

~kz! i 11
S s22

a2

~cs! i ,i 11
D ~kz! i

~kz! i 11

G H fb

ḟbJ
i

(17)

wherehs50 for no pervious layer at the interface between thei th
and i 11th layers. Eqs.~16! and ~17! transfer the quantities, re-
spectively, from the top to bottom of the layer and from one lay
to another layer by simply multiplying the matrices. Therefor
this method is often called a transfer matrix method~Nogami and
Paulson 1984, 1985!. Given (faḟa) i , (faḟa) i , and (fbḟb) i can
be defined, successively, one by one fromi 52 throughI in order
by using Eqs.~16! and ~17!.

The valuea in Eq. ~4c! is defined to satisfy the boundary
conditions at the top of the first layer@Eqs.~10a! or ~10b!# and the
bottom of the last layer@Eqs.~11a! or ~11b!#: this process can be
carried out conveniently by utilizing the transfer matrix method
explained at the later section. There is an infinite number of v
uesa that satisfy these boundary conditions. Thus, Eq.~15! leads
to the expression withmth a andnth s as

H fnm~z!

ḟnm~z!J
i

5F cos~bnmz! i
sin~bnmz! i

~bnm! i

2~bnmz! i sin~bnmz! i cos~bnmz! i

G H fnm
a

ḟnm
a J

i

(18)

where

~bnm
2 ! i5S 1

cz
D

i

anm
2 2S cr

cz
D

i

sn
2 (19)

With Eqs.~12! and~18!, u(r ,z,t) in Eq. ~3! can be rewritten as

@u~r ,z,t !# i5 (
n51

`

(
m51

`

Cnmun~r !@fnm~z!# iTnm~ t ! (20)

where

@fnm~z!# i5S cos~bnmz! i

sin~bnmz! i

~bnm! i
D H fnm

a

ḟnm
a J

i

(21a)

Tnm~ t !5A1e2anm
2

t1E
0

t ds~t! i

dt
e2anm

2
~ t2t!dt (21b)
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Loading and Initial Conditions

It is assumed that the loadp(t) is applied uniformly over the
surface of the system of clay and thin pervious layers. Accordin
to this one-dimensional loading condition, the total stress in th
soil is equal top(t) throughout the depth. The functionsfnm(z)
and un(r ) are eigenvectors obtained for homogeneous bounda
conditions. It is well known that the eigenvectors are orthogona
which is explained in Appendix II forun(r ) and by Nogami and
Li ~2002! for fnm(z). Utilizing it, the distribution of uniform
total stress is expanded byun(r ) in the r direction andfnm(z) in
the z direction to write

@s~r ,z,t !# i5 (
n51

`

(
m51

`

Cnm8 un~r !@fnm~z!# i p~ t ! (22)

whereCnm8 5Cn8Cm8 with

Cn85
1

Dn

2
r 0

sn
u1~snr 0!

r 1
2u0

2~snr 1!2r 0
2u1

2~snr 0!
(23a)

Cm8 5
( i~mc! i~Anm! i1( i~ms! i ,i 11~hs! i ,i 11@fnm~h!# i

( i~mc! i~Bnm! i1( i~ms! i ,i 11~hs! i ,i 11@fnm~h!# i
2

(23b)

in which Eq.~23a! is obtained from Eq.~46! in Appendix III and
Eq. ~23b! is by Nogami and Li~2002!; and

~Anm! i5E
0

hi

@fnm~z!# idz5sin~bnm! i S fnm
a

bnm
D

i

1@12cos~bnm! i #

3S ḟnm
a

bnm
D

i

(24a)

~Bnm! i5E
0

ht

@fnm~z!# i
2dz5S hi

2
1

sin~bmh! i

4~bnm! i
D ~fnm

a ! i
2

1sin2~bnmh! i S fnm
a ḟnm

a

bnm
D

i

1S hi

2
2

sin~bnmh! i

4~bnm! i
D S ḟnm

a

bnm
D

i

2

(24b)

Under the conditions(r ,z,t) i5u(r ,z,t) i at t50, comparison
of Eqs. ~20! and ~22! at t50 leads toA15p(0) in Tnm(t) and
Cnm5Cnm8 in Eq. ~20!. Therefore,u(r ,z,t) and Dq(r ,z,t) are
finally written, respectively, from Eqs.~20! and ~6! as

@u~r ,z,t !# i5 (
n51

`

(
m51

`

Cnm8 un~r !@fnm~z!# iTnm~ t ! (25a)

@Dq~r ,t !# i ,i 115 (
n51

`

(
m51

`

Cnm8 ~DQnm! i ,i 11un~r !Tnm~ t !

(25b)

whereun(r ) andfnm(z) are given, respectively, by Eqs.~12! and
~21a!; Cnm8 is given by Eqs.~23a! and ~23b!; and the rest are

~DQnm! i ,i 115~kshs! i ,i 11S sn
22

anm
2

~cs! i ,i 11
D @fnm~h!# i

(26a)

Tnm~ t !5p~0!e2anm
2

t1E
0

t dp~t!

dt
e2anm

2
~ t2t!dt (26b)
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It is noted that, if the pervious layer is a geotextile sheet,kshs is
replaced withkg ~5permeability of a sheet of geotextile per a un
length for flow normal to its vertical cross section! andcs is set
infinity.

Average Degree of Consolidation

The degree of consolidation varies in both the vertical and rad
directions. The average degree of consolidation is defined her
as the average over clay layers at a givenr and is written in the
following manner:

U~r ,t !512
( i*0

hi~u~r ,z,t !! idz

( i*0
hip~ t !dz

512
ut~r ,t !

u0~ t !
(27)

where

ut~r ,t !5(
i

(
n

(
m

Cnm8 un~r !S sin~bnmh! i

~bnm! i

12cos~bnmh! i

~bnm! i
2 D

3H fnm
a

ḟnm
a J

i

Tnm~ t ! (28a)

u0~ t !5p~ t !(
l

hi (28b)

Computational Procedure

The excess pore water pressure and average degree of conso
tion in clay can be computed, respectively, from Eqs.~25! and
~27! by using the transfer matrix method in the following manne
1. Defineun(r ) common for all layers:

a. Computesn from Eq. ~13!.
b. Defineun(r ) from Eq. ~12! with the above computedsn .

2. Computeanm common for all layers and define@fnm(z)# i

for each layer:
a. Assumeanm common for all layers and compute (bnm) i

for each layer from Eq.~19!.
b. Set (fa ḟa)15(0 1), for the pervious top surface or
(fa ḟa)15(1 0) for the impervious top surface.
c. Establish the square matrix on the right-hand side of E
~16! and compute (fb ḟb)1 from Eq. ~16! with the above
defined (fa ḟa)1 .
d. Establish the square matrix on the right-hand side of E
~17! and compute (fa ḟa)2 from Eq. ~17! with the above
computed (fb ḟb)1 .
e. Repeat steps c and d fori 52 throughI 21 to compute
(fa ḟa)1 .
f. Do step d withi 5I to compute (fb ḟb)1 with the above-
computed (fa ḟa)1 .
g. Check iffb is nearly equal to 0 for the pervious bottom
surface orḟb is nearly equal to 0 for the impervious bottom
surface at theI th layer.
h. If the difference is larger than the set tolerance, repe
steps a–g with the revised newanm until the difference be-
comes within the tolerance. If the difference is less than t
tolerance, define@fnm(z)# i from Eq. ~21a! with (fnm

a ḟnm
a ) i

computed in the last iteration cycle.
3. ComputeCnm8 from Eqs.~23a! and ~23b!.
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4. Defineu(r ,z,t) i and computeU(r ,t) from Eqs. ~25a! and
~27!, respectively.

In the above process,a values are iteratively determined so
that (fb)1 is nearly equal to 0 for the pervious bottom surface or
(ḟb)1 is nearly equal to 0 for the impervious bottom surface. This
can be conveniently performed after computing the function
F(a) @5(fb)1 or (ḟb)1] with steps 2a–2f and plotting it to
observe the roots ofF(a)50 visually.

Verifications

Comparison with Another Solution for Inhomogeneous
Clay without Thin Sand Layer

First, the formulation based on the transfer matrix method is ex-
amined for a two-layer clay without thin pervious layers. The
conditions considered are the same as those previously compute
by the direct analytical solutions~Xie et al. 1994!, which are
shown in Fig. 2 and Table 1, wherecn,h5cz,r andkn,h5kz,r . The
direct analytical solution adopted the superposition method pro-
posed by Rendulic~1935! and has a very lengthy expression al-
ready even for a two-layer system. The distributions of excess
pore water pressures computed by the two approaches are show
in Fig. 3 for T (5cn l t/H

2)50.0002 and 0.002. Good agreement
between the two computed results can be seen except in the earl
stage of consolidation. The difference in the early stage is due to
an insufficient number of terms in the lateral expansion in the
direct analytical solution. It should be noted that the superposition
method cannot be used when the horizontal drains are involved.
This is because the lateral flow in the horizontal drain produces
the flow in the clay both in the vertical and horizontal directions
in general, which cannot be decoupled to apply the superposition
principle.
O

l
n

Fig. 2. Two-layer system with vertical drain
at

e

Table 1. Geotechnical and Geometrical Parameters of Three Cases

Case No. n H/dw h2 /h1 kv2 /kv1 cv2 /cv1 ch2 /ch1

1 10 100 1 2 1 5
2 10 100 1 2 1 1
3 10 100 1 2 1 1/5
ENVIRONMENTAL ENGINEERING © ASCE / SEPTEMBER 2003 / 841



al
Fig. 3. Excess pore water pressure isochrone computed by Xie et
~1994! and present formulation
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Fig. 4. Computed and observed settlement time histories
Comparison with Field Observation for Clay with Thin
Sand Layer

Second, the field test result at Pulau Tekong Besar~Lee et al.
1987! is used for verification. A test pond, in a rectangular sha
with a large aspect ratio, was dug in the existing land reclaim
with sand at Pulau Tekong Besar. It was then filled with clay a
sand to form a test clay reclaimed land of depth 1.35 m with
horizontal sand layer of 0.55 m thickness at the middle depth
the test reclaimed land. The shorter width of the rectangu
model was 28 m. The coefficient of consolidation of clay vari
with the effective pressure. According to laboratory tests, the r
resentative coefficients of consolidation werecc (5cz5cr)
52.0 m2/year through a 50% degree of consolidation andcc

51.0 m2/year through 90% consolidation~Tan et al. 1992!. The
coefficients of permeability of clay were in the ranges of
31029– 431028 m/s for clay and 531024– 131023 m/s for
sand. Accordingly, the representative permeability ra
ks /kc (kr5kz5kc) was assumed to be in the range of 1
3104– 5.63104 ~Tan et al. 1992!. The previous study with the
finite element method indicated that the settlement was mo
due to the primary consolidation in clay fill except in the la
stage of consolidation~Tan et al. 1992!.

The present approach is also applicable for the system of
and thin sand layer tried at the Pulau Tekong Besar site, a
rewriting the formulations with the Cartesian coordinates. Us
the above field information and modified formulations, 50 a
90% consolidation times (t50 and t90, respectively! were com-
puted as shown in Table 2. The average values over those c
puted for various permeability ratios aret5053.1 days andt90

526.3 days, while those computed without a sand layer aret50

59.84 days andt90590.59 days. The estimated values by usi
the hyperbolic method from the field-measured settlement rec
are t5053.0 days andt90526 days~Lee et al. 1987!.

Fig. 4 shows the observed settlement curve load and th
computed withcc51.0 and 2.0 m2/year. It is noted that a sur-
charge load was applied in both field cases and the curves in
d

f
r

-

ly

y
r

m-

d

e

g.

4 are for the period after the application of the surcharge load.
The settlement curves for the condition without the sand layer are
also potted in Fig. 4. Reasonably good agreement between the
computed and observed settlements can be seen once the sand
layer is taken into account in the analysis.

Parametric Studies

Nondimensional Forms

The expression ofu(r ,z,t) is a product ofu(r ), f(z), andT(t).
The functionsu(r ) and T(t) are rewritten with the nondimen-
sional parameters as

u~r !5J0~sr!Y0~ s̄!2J0~ s̄!Y0~sr! (29a)

T~ t !5p~0!S e2ān
2
T1E

0

T dp̄~ t̄ !

dt̄
e2ā2t̄dt̄ D (29b)

wheres̄5sr0 ; ā5ah/Acz; p̄5p/p(0); and

T5
czt

h2
(30)

with n5r 1 /r 0 . The functionf(r ) is governed by the following
two transfer matrices in nondimensional form:

H fb

ḟbh
J

i

5F cos~ b̄ ! i

sin~ b̄ ! i

~ b̄ ! i

2~ b̄ ! i sin~ b̄ ! i cos~ b̄ ! i

G H fa

ḟah
J

i

(31a)

H fa

ḟahJ
i 11

5F 1 0

~l! i ,i 11s̄22~d! i ,i 11~ b̄ ! i 11
2 ~kz! i

~kz! i 11

G H fb

ḟbhJ
i

(31b)

whereb̄5bh; and

~l! i ,i 115
~kshs! i ,i 11~h! i

r 1
2~kz! i 11

(32a)

~d! i ,i 115
~ms! i ,i 11

~mc! i

~hs! i ,i 11

~h! i
(32b)

It is noted thatkshs5kg andd50 for geotextile. The relationship
among the parametersa, b, ands, given in Eq.~5!, is rewritten in
the following nondimensional form:
Table 2. Computed Results for Pulau Tegong Besar Site

ks /kc t50 ~days! t90 ~days!

1.13104 3.5 29.4
2.83104 3.0 25.6
5.63104 2.7 24.1
Average 3.1 26.3
ERING © ASCE / SEPTEMBER 2003



Fig. 5. T50 andT90 for various values ofl andd: ~a! T50 and~b! T90
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Fig. 6. Variations of time factor withl for variousv and n: ~a! n
55; ~b! n520; and~c! n550
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ā25b̄21v s̄2 (33)

where

v5S cr

cz
D S h

r 1
D 2

(34)

The above equations indicate that the parametersl, d, n, andv
govern the consolidation behavior of clay with drain systems:v
5parameter influencing the lateral flow relative to the vertic
flow in clay,l5major parameter influencing the rate of dischar
into the horizontal drain, andd5parameter expressing the rela
tive compressibility of the thin sand layer. According to the e
pressions of these parameters, both horizontal and vertical dr
influencel and d to modify the consolidation behavior of clay
while only vertical drains influencen andv.

Consolidation Behavior of Clay with Horizontal and
Vertical Drains

It is assumed that a homogeneous isotropic clay soil has perfe
pervious surfaces at the top and bottom ends of the clay, an
horizontal thin sand layer is located at the mid-depth in the cl
The nondimensional time to reach the average degree of the
solidation equal to 50 or 90% (T50 or T90) are computed for
various combinations ofks /kz , h/r 1 , hs /r 1 , andms /mc to yield
variousl andd values. Fig. 5 shows the variations of the abo
computedT50 or T90 with l under various givend. As l de-
creases, the discharge capacity of the pervious layer beco
smaller compared with the flow of pore water in clay. Thus, wh
T50 or T90 increases to reach the flat part of the curve, no or v
little pore water is discharged into the pervious layer. In such
ns

ly
a
.
n-

es

y
a

case, the pervious layer is least effective for discharging the por
water in clay. Asl increases, on the other hand, the situation is
reversed andT50 or T90 decreases to reach the flat part again. This
part corresponds to the condition, in which the excess pore wate
pressure in the pervious layer becomes zero or nearly zero an
therefore, the pervious layer is fully functional for discharging the
pore water. Fig. 5 indicates that the effectiveness of the horizonta
pervious layer is affected very little by the difference ind and
rather uniquely governed byl. This trend withd is more obvious
for largerl values.

Again, the above clay with a system of vertical drains and a
single horizontal drain is considered. Figs. 6 and 7 show the
variations ofT90 with l for variousv and n, respectively. It is
seen that the valuel again appears to rather uniquely govern the
effectiveness of horizontal drain regardless of the difference inv
andn, although the curves tend to be shifted to the right slightly
more for highern and smallerv. When l is 100 or above, the
horizontal drain is most effective for all cases shown. Figs. 6 and
7 indicate that the horizontal drain can be more effective to re-
duce the consolidation time for highern and lowerv. This is
because, in such conditions withn andv, the overall consolida-
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Fig. 7. Variations of time factor withl for variousv and n: ~a! v
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Fig. 8. System of clay and horizontal drain layers
a
i

tion in clay is more predominantly governed by consolidation
the vertical direction, and thus the horizontal drain to interce
this consolidated pore water can be more effective.

Multiple horizontal drains are now considered. They are a
sumed to be arranged in such a way that the maximum length
vertical drainage paths in clay, to reach the nearest horizon
drains, are identical, as shown in Fig. 8. Then, the system
considered to be made of fundamental units connected in ser
When the drains are most effective in such an arrangement~i.e.,
zero excess pore water pressure in the horizontal drains!, the
upper and lower ends of an individual fundamental unit a
treated as an impervious surface. In this case, consolidation
haviors in fundamental units are mutually uncoupled in the sy
tem. Otherwise, they are generally mutually coupled. Fig.
shows the ratio ofT90(coupled)andT90(uncoupled), computed for clay
soil with various numbers of horizontal drains arranged as sho
in Fig. 8: in whichT90(coupled)is computed for the system as it is
while T90(uncoupled)is computed for an isolated fundamental un
with impervious surfaces at both ends. As expected, the ra
approaches 1 asl increases for all cases. It is noticed that th
parameterl is rather uniquely related to the effectiveness of hor
zontal drains regardless of the difference in the number of hori-
zontal drains in the system, and the drains are most effective
whenl is equal to 100 or above even for the system with multiple
horizontal drains. This can be recognized in Fig. 10, in which the
excess pore water pressures in the drains are nearly zero throug
out the consolidation time whenl is 100.
t

-
of
l

s
s.

e-
-

n

o
Fig. 9. Variation of time factor (T90) ratio with l for various number
of multiple horizontal drain layers:~a! v50.01 and~b! v51
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Fig. 10. Excess pore water pressure along depth:~a! l50; ~b! l
55; and~c! l5100
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Fig. 11. Design chart forT50, T70, andT90
Design of a System with Horizontal and Vertical
Drains

Horizontal, thin, pervious drains such as layers of sand or ho
zontal sheets of geotextile are used as horizontal drains in co
bination with vertical cylindrical drains to accelerate the conso
dation in clay. Clay is assumed to be homogeneous and isotro
in design consideration. Multiple pervious horizontal layers a
arranged as shown in Fig. 8. It is assumed that the followi
information is given for design: target average degree of conso
dation (Up); time to achieveUp (tp); twice the length of vertical
drainage path when horizontal drain layers are absent (h8); radius
of vertical cylindrical drains (r 0); material properties of clay (kc

andcc); and permeability of sand (ks) if the horizontal drains are
sand layers.

When the excess pore water pressures in these layers are
~i.e.,l>100), the horizontal drain works most effectively and th
consolidation behaviors of the fundamental units in the system
mutually uncoupled. Therefore, an optimum design is made
i-
-

ic

i-

ero

re
o

that l for the clay and drain system is equal 100. Withl5100,
the timeT to achieve a specific average degree of consolidation at
r 5r 1 depends onv and n, as shown Fig. 11. Fig. 11 is also
applicable to the entire clay ground without horizontal drain lay-
ers, whenT andv are expressed, respectively, as

T85
czt8

h82
(35a)

v85S h8

r 18
D 2

(35b)

where h85entire thickness of clay with both ends pervious or
twice the thickness of clay with only one end pervious; notations
with prime5those for the ground with no horizontal drains. It is
assumed that Fig. 11 is provided for design.

With Eqs.~30a!, ~34!, ~35a!, and~35b!, the following relation-
ship is obtained:

Tv5T8v8
t

t8
S r 18

r 1
D 2
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logT52 logv1 log~T8v8!1 logF t

t8
S r 18

r 1
D 2G (36)

Eq. ~36! indicates that the logT;logv relationship~including
logT8;logv8 relationship! is a straight line with a slope of 1 to
21 and can be obtained by shifting the logT8;logv8 relationship
by log@t/t8•(r18/r1)

2#. T andv for the most effective condition with
horizontal drain must be located in the curve shown in Fig. 1
Therefore, for a givetp /t8 andr 18/r 1 (5n8/n), suchT andv are
uniquely defined as the values at the intercept of the curve in F
11 and the logT;logv straight line. Referring to Fig. 12, this can
be done conveniently in the following manner:
1. Computev8 from Eq. ~35b! and locatev8 in the design

curve for givenn8 ~point A!.
2. Find T8 corresponding tov8 and n8 in the chart and com-

pute t8 from T8 @Eq. ~35a!#.
3. Shift the point A by log@tp /t8•(n8/n)2# to point B.
4. Draw a straight line with slope of 1 to21 at point B.
5. Find the intercept of the above straight line and the desi

curve for givenn ~point C! to defineT.
The valueh is defined from the expressions ofT @Eq. ~30!#

with the above-definedT as

h5Acztp

T
(37)

Then, hs or kg is defined from the expression ofl @Eq. ~32a!#
with l5100 as

kshs or kg5
100r 1

2kc

h
(38)

The above design approach is carried out in the followin
manner:
1. DefineUp andtp , and find other inputs~i.e.,h8, ks , andkc).
2. Assume n and n8 and computer 18 (5n8r 0) and r 1

(5nr0).
3. Find T following the above-explained procedure with th

design curves given in Fig. 11.
4. Computeh from Eqs.~37!.
5. Computehs or kg from Eq. ~38!.
6. If any of the computedh, hs ~or kg), andr 1 are not suitable,

repeat the above computation steps with the revisedn.
7. Design the drain system based on the above-obtainedh, hs

~or kg), andr 1 .
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Example 1
The assumed conditions are:

Clay properties:cc54.0 m2/yr, kc51.031029 m/s.
Sand properties:ks51.031026 m/s.
Geometry: clay thicknessH520 m.
Vertical drain:r 050.2 m.
Boundary conditions: pervious top and impervious bottom s

faces.
The drain system is designed to reach the average degre

consolidation 50% in 0.5 year, withn5n8. The following are the
computation steps:
1. Up550% andtp50.5 year.
2. Assumingn5n8520, r 15r 185n8 r 052030.254 m.
3. v85(h8/r 18)

25(40/4)25100.
T850.0066~point A!, from Fig. 11~a! with v85100.

t85
T8h82

cc
5

0.00663402

4
52.64 year

logFtpt8 Sn8
n D2G5logS 0.5

2.64S 20

20D 2D
520.7226 to locate point B

T50.047~point C! from Fig. 11~a!.
4. h5Acctp /T5A430.5/0.04756.5 m; provide three horizon-

tal thin pervious layers withh55.7 m.
5. Geotexile, kg5100r 1

2kc /h510034231029/5.752.8
31027 m2/s.

6. Thin sand layer, hs5kshs /ks52.831027/1.031026

50.28 m; providehs50.3 m.

Example 2
The assumed conditions are:

Clay properties:cc54.0 m2/year, kc51.031029 m/s.
Sand properties:ks51.031026 m/s.
Geometry: clay thicknessH515 m.
Vertical drain:r 050.2 m.
Boundary conditions: pervious top and impervious bottom s

faces.
The drain system is designed to reach the average degree of
solidation 50% att5t8 with n.n8. The computation steps are a
follows:
1. Up550% andtp5t8.
2. Assumingn8510 and n520, r 185n8 r 051030.252.0 m

and r 15nr052030.254.0 m.
3. v85(h8/r 18)

25(30/2)25225
T850.0026~point A!, from Fig. 11~a! with v85225

t85
T8h82

cc
5

0.00263302

4
50.58 year

logFtpt8 Sn8
n D2G5logF0.58

0.58S 10

20D 2G520.602 to locate point B

T50.047~point C! from Fig. 11~a!.
4. h5Acctp /T5A430.58/0.04757.0 m; provide two horizon-

tal thin pervious layers withh56.0 m.
5. Geotextile, kg5100r 1

2kc /h510034231029/6.052.67
31027 m2/s.

6. Thin sand layer, hs5kshs /ks52.6731027/1.031026

50.27 m; providehs50.3 m.

Conclusions

The consolidation behavior of clay with a system of horizont
drains and vertical cylindrical drains is formulated using th
NEERING © ASCE / SEPTEMBER 2003
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Fig. 13. Flow in thin pervious layer
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transfer matrix approach. The developed formulation can han
the inhomogeneous profile in clay and multiple horizontal drai
made of either thin sand layers or geotexstile sheets. The num
of terms used in series is five terms in ther direction, and five to
ten terms in thez direction depending on the behavior in th
series expression. As Terzaghi’s consolidation solution, only o
or two terms in the expansion in thez direction are sufficient to
compute the consolidation behavior in the later stage of cons
dation but the upper-side number of terms is required in the ea
stage of consolidation. The formulation is found to be very ef
cient and convenient for computation.

The consolidation of clay with a system of horizontal an
vertical drains is governed by the nondimensional parametersl,
d, n, andv. It is found that the important parameter controllin
the effectiveness of the horizontal drains is the valuel defined by
Eq. ~32a!, which is a function ofks andhs of the sand layer~or kg

of geotextile!, kc and h of the clay layer, andr 1 of the vertical
drain. Whenl is equal to 100 or greater, the excess pore wa
pressure in the horizontal drains is nearly zero, resulting in
horizontal most effective drains. Whenv is smaller andn is
larger, installation of horizontal drains can accelerate the cons
dation of clay more effectively.

A convenient method is developed for designing an optimu
system of multiple horizontal drains and vertical cylindrica
drains. The method is based on the idea to design the drain sys
having l5100 or slightly larger. In order to facilitate the ap
proach, design charts are provided.

Appendix I. Derivation of Eq. „1b…

A small width, dr and rdu, is considered in a thin layer to form
an element as illustrated in Fig. 13. Since the excess pore w
pressure is uniform within the element, the volumetric change
the element is

DV5«hsrdrdu (39)

whereDV5volume change of the element;hs5thickness of the
sand layer; and«5volumetric strains. According to the wate
flow into and out of the element and Eq.~39!, the storage equa-
tion is

]«~r ,t !

]t
hsdr~rdu!5qr~r ,t !~rdu!hs2S qr~r ,t !1

]qr~r ,t !

]r
dr D

3~r 1dr !duhs1q1~r ,t !dr~rdu!

2q2~r ,t !dr~rdu!
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]«~r ,t !

]t
52

qr~r ,t !

r
2

]qr~r ,t !

]r
2

dr

r

]qr~r ,t !

]r
1

Dq~r ,t !

hs
(40)

where qr(r ,t)5 lateral flow in the sand layer;q1(r ,t) and
q2(r ,t)5vertical flow into and out of the sand layer, respectively;
and Dq(r ,t)5q1(r ,t)2q2(r ,t)5the flow loss due to the lateral
drainage in the sand layer while the pore water flows vertically
from one clay layer to another.

Introducing Darcy’s law, the effective stress principle and the
total stress equal to the applied pressure on the ground surface
Eq. ~40! can be rewritten as Eq.~2!

Appendix II. Orthogonality of u n„r …

After substitution of Eq.~3! into Eqs.~1! and~2!, the equation for
u(r ) in the nth andmth modes can be written, respectively, as

ün1
1

r
u̇n1sn

2un50 (41a)

üm1
1

r
u̇m1sm

2 um50 (41b)

where u̇5du(r )/dr; and ü5d2u(r )/dr2. Eqs. ~41a! and ~41b!
are multiplied, respectively, byrum and run . Integrating the re-
sultants overr from r 0 to r 1 leads to, respectively,

E
r 0

r 1

~rumün1umu̇n1sn
2rumun!dr5ru̇munur 0

r 12E
r 0

r 1

ru̇mu̇ndr

1E
r 0

r 1

sn
2rumundr (42a)

E
r 0

r 1

~runüm1unu̇m1sm
2 runum!dr5ru̇numur 0

r 12E
r 0

r 1

ru̇nu̇mdr

1E
r 0

r 1

sm
2 runumdr (42b)

Subtraction of Eqs.~42a! and~42b! and substituting the boundary
conditions,u(r 0)5u̇(r 1)50, into the resultant yield

~sm
2 2sm

2 !E
r 0

r 1

runumdr50 (43)

SincesmÞsn , Eq.~43! implies that the orthogonality ofun exists.

Appendix III. Coefficient in the Expansion by
Normal Modes

The functionu(r ) is expanded by using its eigenvectors such that

u~r !5 (
n51

cnun~r ! (44)

where cn5coefficient of thenth term. Multiplying Eq.~44! by
rum(x) and integrating the resultant overr from r 0 to r 1 result in
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E
r 0

r 1

rumudx5 (
n51

cnE
r 0

r 1

rumundx (45)

If un(r ) has orthogonality, the terms withnÞm are all zero in the
right-hand summation. Therefore,cn is defined as

cn5
* r 0

r 1runudx

* r 0

x1run
2dx

(46)
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