Consolidation of Clay with a System of Vertical
and Horizontal Drains
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Abstract: Consolidation of inhomogeneous clay with a system of horizontal and vertical drains is considered. Horizontal drains in the
system are made of multiple thin pervious layers such as sand layers and geotextile sheets, while vertical drains are vertical cylindrice
drains. Consolidation behavior with the drain system is formulated using the transfer matrix method. Special care is given to formulation
of thin pervious layers for efficient computation. The developed formulation is verified using available numerical and field information.
Parametric studies are conducted to study the consolidation characteristics of clay with the drain system. Based on the findings, a desi
method for an optimum system of horizontal and vertical drains is proposed and design charts are presented for such a design.
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Introduction consolidation behavior, and thus available expressions are gener-

Vertical drains such as sand drains discharge the pore water in@ly limited to very simple case&ray 1945; Schiffman and Stein
1970. Horne (1964 developed a solution for consolidation be-

clay out of the ground. They are widely used to accelerate the . X 7. ; X ) .
consolidation process for the improvement of soft ground: e.g., havior of soil stratified only in a very special manner, in which
Manila Bay Reclamation Are&Tominaga et al. 1979 Changi clay and thin sand are layered alternatively and the thickness and

Airport, Singapore(Choa et al. 1979and Kansai International prqperties are identical for all clay Iayers. anql for all sand layers.

Airport (Takai et al. 1989; Suzuki and Yamada 1998orizontal Abid and Pyrah(199) formulated a special finite element tech-

drains discharge the pore water in clay, also. With sufficient hori- Nique to handle highly permeable thin layers by using special line

zontal drainage rate in the drains, they modify the hydraulic gra- €léments and disk ring elements. . .

dient of vertical flow of pore water in clay to accelerate the con- _ !N this paper, a powerful transfer matrix meth@dogami and

solidation. Thin sand layers have been used for horizontal drainsPaulson 1984, 1983s used to formulate the consolidation behav-

in reclaimed lands with clay fillWatari 1984; Lee et al. 1987;  iof of clay soil with a system of horizontal thin drains and vertical

Karunarathe et al. 199Cand in clay fill embankmentgGibson cyIi_ndricaI dra_in_s. The_ consolidation behavior of clay with su<_:h a

and Shefford 1968 Geotextiles have an excellent performance in drain system is investigated, and a design method for an optimum

discharging pore water to dissipate the pore water pressure mucifirain system is presented.

faster than the original soil magRowe 1992; Loh 1998 Thus,

they have also been used for horizontal drains in backfills of

earth-retaining walls and in embankments for drainage and filtra- Formulations

tion purpose(Tatsuoka et al. 1986; Itoh et al. 1994Horizontal

drains in ground generally require some means to take the col- General Expressions for Excess Pore Water Pressure

lected water out. A combination of vertical and horizontal drains

is, therefore, an advantage for accelerating consolidation in softClay ground with a combination of vertical and horizontal drains

clay. is considered. The vertical drains are cylindrical drains installed at
Proper evaluation of consolidation behavior of clay with ver- an equal spacing distance. The horizontal drains are a number of

tical and horizontal drains can be made only by rational analysis. horizontal, thin, pervious layers such as thin layers of sand or

When soil is a layered inhomogeneous medium, it is tedious andsheets of geotextile. When the horizontal drain layers are thin, the

considerably difficult to develop analytical expressions for its excess pore water pressure, and thus the horizontal flow, are rea-

sonably assumed to be uniform along the thickness in the drain
professor, Dept. of Civil Engineering, National University of layer. Load is applied uniformly over the entire horizontal ground

Singapore, 10 Kent Ridge Crescent, Singapore 119260. E-mail: surface to produce the one-dimensional loading condition.

toyoakinogami@yahoo.com The system of clay and drains are divided intdorizontal
2Research Assistant, Dept. of Civil Engineering, National Univ. of layers, in such a way that the clay can be considered homoge-
Singapore, 10 Kent Ridge Crescent, Singapore 119260. neous within a layer, and a thin sand layer geotextil¢ is lo-

Note. Discussion open until February 1, 2004. Separate discussionscated only at the layer—layer interface, as shown in Fig. 1. The
must be submitted for individual papers. To extend the closing date by ' o

one month, a written request must be filed with the ASCE Managing ongin of thg cylindrical coordl_nat_e§ is set at the cgnter _of_a cy-

Editor. The manuscript for this paper was submitted for review and pos- Ilndrllcal qra'” at the top of gn |n.d|VIduaI clay Iay,er’ n Wh',Zhs

sible publication on June 25, 2001; approved on November 6, 2002. This POSitive in the downward direction. The governing equations for

paper is part of thelournal of Geotechnical and Geoenvironmental ~ the excess pore water pressures in an individual clay layer and
Engineering Vol. 129, No. 9, September 1, 2003. ©ASCE, ISSN 1090- thin sand layer are stated, respectively, with the cylindrical coor-
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Fig. 1. Layered clay containing thin pervious layers
au(r,z,t) a2u(r,z,t) N a2u(r,z,t) 1 au(r,zt)
ot 7 o2 o\ T oz v ar
do(r,z,t)
dt

t
T(t)=Ae 1+ f 40(T) (- ata-ngy (40)
o dr
where A;~A;, B,, and B;=unknown constants], and Y,
=first and second kinds Bessel functions of the zeroth order,
respectively;s= parameter later defined by the boundary condi-
tions in the radial direction; and

a?=c,B?%+c,s? (5)

Solution forms of the expressions relatedutér,t) in Eq. (1b)
are the same as those above givenur,z,t) with =0. Thus,
substituting Eq(3) with Egs.(4a)—(4c) into Eq.(1b) and manipu-
lating it result in the following expression for a thin pervious
layer:

Aq(r,t)=AQug(r)Ts(t) (6)

where the notations with subscriptcorrespond to those above
defined without subscription; and, replaciggand c,, respec-
tively, with O andcg,

kshg a?
AO= (szf?s b %

with ¢¢s=unknown constant defined later.

Boundary Conditions

It is reasonably assumed that an individual vertical drain and its
influence zone in the clay are uncoupled with others in a group of
vertical drains(Barron 1948. By denotingr,=radius of the ver-
tical drain, r,=radial distance of its influence zone, ahe-the
thickness of a clay layer, the boundary conditions ofitiieclay
layer are given as

1. Atr=rgandry:

aug(r,t) (azus(r,t) 1aus(r,t)> YuCs
=Cq —

+ kehe Aq(r,t)

ot ar? ror u(rg,zt)=0 (8a)
au(r,zt);
dog(r,t) — 2 =0 8o
+T 2 ar -, (80)
wheret=time; r and z=coordinates in the radial and vertical At the interface between thén andi +1th layers:
directions of the cylindrical coordinate system, respectively; u(r,h,i=u(r,00)i+1=Us(r,t)i 41 (%)
ando = excess pore water pressure and total stress in clay, respec- (ki ou(rzth| (ki1 QU(rZ )l
tively; ¢, andc, = coefficients of consolidation of clay in the ver- Yo 2 |, w iz |, AGr D1
tical and horizontal directions, respectively; and o= excess = 7l %b
pore water pressure and total stress in sand, respectidely; At the top surface of the first clay layer=€1): (9b)
=amount of flow per a unit area discharged into a pervious layer; . '
hs=thickness of pervious layer; anc, and k.= coefficient of u(r,0t),=0 pervious surface (¥
consolidation and permeability of sand, respectively. The above urrzt) .
coefficients of consolidatioe,, c,, andcg are written, respec- ar Z:O_O Impervious surface (19
tively, ask,/(Mcyw), K /(Mcyw), andks/(msy,,), wherem, and At the bottom surface of the bottom clay layer(1):
m,=volume compressibility of clay and sand, respectivedy; u(rhit),=0 pervious surface (H
and k, = coefficients of permeability of clay in the vertical and L P
radial directions, respectivelk,= coefficient of permeability of u(r,zt), —0 impervious surface (1
sand; andy,,= unit weight of water. ar 2=h P

With separation of variablesi(x,y,t) is expressed in the form
of

u(r,z,t)=u(r)$(2)T(t) ®3)

Substitution of Eq.(3) into Eq. (1a) results in three ordinary
differential equations with respect tr), ¢(z), andT(t). Their
solutions are expressed @sibson and Schefford 1968

u(r)=~AgJo(sr)+B3Yq(sr) (4a)
d(z)=A,cosBz+B,sinpz (4b)

Substitutions of Eq¥3) and(4a) into Eqgs.(8a) and(8b) result

in homogeneous equations to define an infinite number of eigen-
values,s,,, and their associated eigenvectars(r). Thenth ei-
genvector normalized at=r, is expressed as

Un(r)=Jo(Snl)Yo(snro) —Jo(Snlo) Yo(Snl) (12)

with s,=nth eigenvalue that is theth root of the characteristic
equation

J1(sr1)Yo(srg) —Ya(sry)Jo(sre) =0 (13)
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Using Eq.(4b), the following expression is obtained for thé
[cb(Z) cogBz); sin(B2);

layer:
' ]_ {AZ] 14
b@], |- (BysinB2; (B) cogpzy (B2, Y

whered(z) =dd(2)/dz. Given[4(0)d(0)]=(db2b?), Eq. (14)
is solved forA, andB, and then rewritten as

b(2) cogB2); w $8
[43(2)].: | o) [dﬁl (15)
' L= (B)isin(Bz); cogB2); '
Therefore[ & (h)b(h)]=($"dP) yields
b _ sinBh)i ], .
E W
b L= (B)isin(Bh); cogBh); !

Eq. (9a) leads toug(r)=u(r), b=d(h);, and T4(t)=T(t).
Substituting Eq.(6) with these relationships into Eq&9a) and
(9b), the boundary conditions stated in E¢@a) and(9b) result in

1
). 2 id
i a = (03 b
i (Sz_(cs)i,Hl) 7
17)

wherehs=0 for no pervious layer at the interface betweenitihe
andi+1th layers. Eqs(16) and (17) transfer the quantities, re-
spectively, from the top to bottom of the layer and from one layer
to another layer by simply multiplying the matrices. Therefore,
this method is often called a transfer matrix mettiNdgami and
Paulson 1984, 1985Given (b2b?);, ($2d?);, and $°H); can

be defined, successively, one by one froa2 throughl in order

by using Eqs(16) and(17).

The valuea in Eqg. (4c) is defined to satisfy the boundary
conditions at the top of the first layHEqgs.(10a) or (10b)] and the
bottom of the last layelEqgs.(11a) or (11b)]: this process can be
carried out conveniently by utilizing the transfer matrix method as
explained at the later section. There is an infinite number of val-
uesa that satisfy these boundary conditions. Thus, @§) leads
to the expression witimth « andnth s as

(hsks)i,i+1
(Kpit1

(kz)i
(Kpi+1

¢nm(z) COS(Ban)i %M;Z)I d)ﬁm
[«bnm(z)].: . o ée
! *(Bnmz)ism(ﬁnmz)i COanmZ)i !
(18)
where
(B2 )-—(i) 2 —(3) s? (19)
nm/i c, Xnm c, : n

With Egs.(12) and(18), u(r,z,t) in Eq.(3) can be rewritten as

[u(r,z,t)]i=n§l mE:l Comtn(D[ b2 ] Tam(D)  (20)

where

a
nm

1a
(bnm

Sin(Bnmz)i

[d)nm(z)]i:(COS(Ban)iW)[ ] (218)

tdo(7);
Tom(t) =Aqe ™ nnl+ f Lt

0

(21b)

Loading and Initial Conditions

It is assumed that the loagd(t) is applied uniformly over the
surface of the system of clay and thin pervious layers. According
to this one-dimensional loading condition, the total stress in the
soil is equal top(t) throughout the depth. The functiods,(z)
andu,(r) are eigenvectors obtained for homogeneous boundary
conditions. It is well known that the eigenvectors are orthogonal,
which is explained in Appendix Il fou,(r) and by Nogami and

Li (2002 for ¢,m(2). Utilizing it, the distribution of uniform
total stress is expanded loy(r) in ther direction andd,(z) in

the z direction to write

[o(r,z,tni:ngl mE:l Chntn(DIbam(2Tip(H)  (22)
whereC/,,=C/C;/, with

)
1 Zs_nul(snro)

Cl=—
" Anr2u2(s.ry) —r2ud(spro)

(239)

, ZiMe)i(Anm)i + Zi(Mg)i i+ 1(hs)i i+ al dnm(h) ];

™ 2(Me)i(Bm)i + Zi(Mg)i i+ 1(Ne)i i al b M) 12
(230)

in which Eq.(23a) is obtained from Eq(46) in Appendix Il and
Eqg. (23b) is by Nogami and Li(2002; and

a
nm

hi
(Anm)i= fo [bnm(2)]idz= Sin(Bnm)i(

o +T1= 08B ]
5] co
(Ban)i = foht[¢nm<z>]?dz=(%+%)wm?
s s )
(24)

Under the conditiors(r,z,t);=u(r,z,t); att=0, comparison
of Egs. (20) and (22) att=0 leads toA;=p(0) in T,(t) and
Com=C/m in Eq. (20). Therefore,u(r,z,t) and Aq(r,z,t) are
finally written, respectively, from Eq$20) and(6) as

[u(r,z,t>]i=n§1 mE:l Chntn(D[bnm(2) ] Tam(t)  (253)
[Aq(r,t)]i,i+l=n§l mE:1 ChnlAQnm)ii + 1Un(1) Tom(t)
(250)

whereu,(r) andd,n(z) are given, respectively, by Eqd.2) and
(21a); C,, is given by Eqs(23a) and(23b); and the rest are

©

2

anm
(AQnm)i,i+l:(kshs)i,i+l(Sﬁ_f [bnm(M)];
(Cs)|,|+1
(269)
Tam(t)=p(0)e~ i+ f ‘dp<:> e~m(tTdr  (26b)
0
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It is noted that, if the pervious layer is a geotextile shighty is
replaced withk, (=permeability of a sheet of geotextile per a unit
length for flow normal to its vertical cross sectjoandc, is set
infinity.

Average Degree of Consolidation

The degree of consolidation varies in both the vertical and radial
directions. The average degree of consolidation is defined herein
as the average over clay layers at a giveand is written in the
following manner:

Sfgurz)dz ul(r )

r
kniskvi,my h, 4
H

z L
Kna,ky2,my; hy

d, 4

/
de

Fig. 2. Two-layer system with vertical drain

u(r,t)y=1— SHITTrT ~ R0 (27)
where
t _ ’ Sin(Bnmh)i 17C05(Bnmh)i
ul(r,t) EI ; % Cnmun(r)( B, (Bnm)iz
X -2”‘} Tom(t) (28a)
u°<t>=p<t>2 hi (28b)

Computational Procedure

4.

Defineu(r,z,t); and computdJ(r,t) from Egs.(25a) and
(27), respectively.
In the above process; values are iteratively determined so

that (), is nearly equal to O for the pervious bottom surface or

(6?), is nearly equal to O for the impervious bottom surface. This
can be conveniently performed after computing the function
F(a) [=(d?); or (4°),] with steps 2a—2f and plotting it to
observe the roots df(«)=0 visually.

The excess pore water pressure and average degree of consolidaserifications

tion in clay can be computed, respectively, from E(5) and
(27) by using the transfer matrix method in the following manner:

1. Defineu,(r) common for all layers:

a. Computes, from Eg. (13).

b. Defineu,(r) from Eg.(12) with the above computes, .
Computea,,, common for all layers and defineb,,.(2) I
for each layer:

a. Assumex,,, common for all layers and comput@ (..);
for each layer from Eq(19).

b. Set ¢? $?);=(01), for the pervious top surface or

(62 $2),=(10) for the impervious top surface.
c. Establish the square matrix on the right-hand side of Eq.

(16) and compute ¢° $°); from Eq. (16) with the above
defined 2 ¢);.

d. Establish the square matrix on the right-hand side of Eq.
(17) and compute ¢ $?), from Eq. (17) with the above
computed $° &), .

e. Repeat steps ¢ and d for2 throughl —1 to compute
(&% ¢ _

f. Do step d withi=1 to compute $° $°); with the above-

computed 2 $%);.

g. Check if$® is nearly equal to 0 for the pervious bottom
surface ord® is nearly equal to 0 for the impervious bottom
surface at théth layer.

h. If the difference is larger than the set tolerance, repeat
steps a—g with the revised naw,,, until the difference be-
comes within the tolerance. If the difference is less than the
tolerance, defingd,(2)1; from Eq.(21a) with (b3, o)
computed in the last iteration cycle.

3. ComputeC,, from Egs.(23a) and (23b).

Comparison with Another Solution for Inhomogeneous
Clay without Thin Sand Layer

First, the formulation based on the transfer matrix method is ex-
amined for a two-layer clay without thin pervious layers. The
conditions considered are the same as those previously computed
by the direct analytical solutionéXie et al. 1994, which are
shown in Fig. 2 and Table 1, wheeg ,=c,, andk, ,=k, .. The
direct analytical solution adopted the superposition method pro-
posed by Renduli¢1935 and has a very lengthy expression al-
ready even for a two-layer system. The distributions of excess
pore water pressures computed by the two approaches are shown
in Fig. 3 for T (=c¢,t/H?) =0.0002 and 0.002. Good agreement
between the two computed results can be seen except in the early
stage of consolidation. The difference in the early stage is due to
an insufficient number of terms in the lateral expansion in the
direct analytical solution. It should be noted that the superposition
method cannot be used when the horizontal drains are involved.
This is because the lateral flow in the horizontal drain produces
the flow in the clay both in the vertical and horizontal directions

in general, which cannot be decoupled to apply the superposition
principle.

Table 1. Geotechnical and Geometrical Parameters of Three Cases

Case No. n H/d, hy/h;  kvylkvy cC,o/Chi1 ChalChp
1 10 100 1 2 1 5

2 10 100 1 2 1 1
3 10 100 1 2 1 1/5
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Fig. 4. Computed and observed settlement time histories

Fig. 3. Excess pore water pressure isochrone computed by Xie et al.
(1994 and present formulation

4 are for the period after the application of the surcharge load.
Comparison with Field Observation for Clay with Thin The settlement curves for the condition without the sand layer are
Sand Layer also potted in Fig. 4. Reasonably good agreement between the
computed and observed settlements can be seen once the sand

Second, the field test result at Pulau Tekong Bedtee et al. layer is taken into account in the analysis.

1987 is used for verification. A test pond, in a rectangular shape
with a large aspect ratio, was dug in the existing land reclaimed
with sand at Pulau Tekong Besar. It was then filled with clay and
sand to form a test clay reclaimed land of depth 1.35 m with a
horizontal sand layer of 0.55 m thickness at the middle depth of
the test reclaimed land. The shorter width of the rectangular Nondimensional Forms

model was 28 m. The coefficient of consolidation of clay varies 1o expression afi(r,z,t) is a product olu(r), $(z), andT(t).
with the effective pressure. According to laboratory tests, the rep- The functionsu(r) and T(t) are rewritten with the nondimen-
resentative coefficients of consolidation werk (=c,=c,) sional parameters as

=2.0 nf/year through a 50% degree of consolidation and

Parametric Studies

=1.0 nt/year through 90% consolidatiofTan et al. 1992 The u(r)=Jo(srYo(s)—Jo(s) Yo(sr) (29a)
coefficients of permeability of clay were in the ranges of 4 T

X107 °%-4x 108 m/s for clay and 510 *-1x10"3 m/s for T(t)zp(O)( e dp(T) e_ﬁd?) (2%)
sand. Accordingly, the representative permeability ratio dr

ki/k. (k,=k,=k.) was assumed to be in the range of 1.1
X 10*~5.6<10* (Tan et al. 1992 The previous study with the
finite element method indicated that the settlement was mostly c,t
due to the primary consolidation in clay fill except in the late T=—
stage of consolidatiofiTan et al. 1992 h
The present approach is also applicable for the system of claywith n=r,/r,. The functiond(r) is governed by the following
and thin sand layer tried at the Pulau Tekong Besar site, aftertwo transfer matrices in nondimensional form:
rewriting the formulations with the Cartesian coordinates. Using

wheres=sr,; a=ah/\/c,; p=p/p(0); and

(30)

the above field information and modified formulations, 50 and _ sin(B);
90% consolidation timest{, and tyy, respectively were com- | cogB); — $?
puted as shown in Table 2. The average values over those com- $bPh - (B)i bah| (312)
puted for various permeability ratios ate,=3.1 days andgg : _(E)i sin(E)i cos{E)i :
=26.3 days, while those computed without a sand layertgre
=9.84 days andqy,=90.59 days. The estimated values by using a 1 0 b
the hyperbolic method from the field-measured settlement record [ _d) } — _ (K,); { _‘bb J
aretsy=3.0 days andg,= 26 days(Lee et al. 198). ] | N1 (8)iie1(B)F 4 o), $°hJ,

Fig. 4 shows the observed settlement curve load and those (koi+a (31b)
computed withc,=1.0 and 2.0 rlyear. It is noted that a sur- o
charge load was applied in both field cases and the curves in Figwhere=gh; and

_ ()\)i,i+1zw (322)

Table 2. Computed Results for Pulau Tegong Besar Site ri(ky)is1
Ks/ke tso (day9 too (dayg (Ms)ii+1 (Ne)ijiva
1.1x10* 35 29.4 (®)ii+1= (me)i  (h); (320)
28<10f 3.0 256 Itis noted thakshs=ky andd =0 for geotextile. The relationship
5.6x 10f 2.7 24.1 among the parametess 3, ands, given in Eq.(5), is rewritten in
Average 3.1 26.3

the following nondimensional form:
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Fig. 6. Variations of time factor with\ for variousw andn: (a) n

The above equations indicate that the parametedsn, andw =5: (b) n=20; and(c) n="50

govern the consolidation behavior of clay with drain systeas:
=parameter influencing the lateral flow relative to the vertical
flow in clay, \ = major parameter influencing the rate of discharge
into the horizontal drain, and= parameter expressing the rela- case, the pervious layer is least effective for discharging the pore
tive compressibility of the thin sand layer. According to the ex- water in clay. As\ increases, on the other hand, the situation is
pressions of these parameters, both horizontal and vertical draingeversed andsq or Ty decreases to reach the flat part again. This
influence\ and$ to modify the consolidation behavior of clay, part corresponds to the condition, in which the excess pore water
while only vertical drains influence and w. pressure in the pervious layer becomes zero or nearly zero and,
therefore, the pervious layer is fully functional for discharging the
pore water. Fig. 5 indicates that the effectiveness of the horizontal
pervious layer is affected very little by the differencednand
rather uniquely governed by. This trend withd is more obvious

It is assumed that a homogeneous isotropic clay soil has perfectlyfor larger\ values.

pervious surfaces at the top and bottom ends of the clay, and a Again, the above clay with a system of vertical drains and a
horizontal thin sand layer is located at the mid-depth in the clay. single horizontal drain is considered. Figs. 6 and 7 show the
The nondimensional time to reach the average degree of the convariations of Tgq with \ for variousw andn, respectively. It is
solidation equal to 50 or 90%Tg, or Ty are computed for  seen that the value again appears to rather uniquely govern the

Consolidation Behavior of Clay with Horizontal and
Vertical Drains

various combinations df;/k,, h/r,, hg/r,, andmg/m, to yield effectiveness of horizontal drain regardless of the differenae in
various\ andd values. Fig. 5 shows the variations of the above andn, although the curves tend to be shifted to the right slightly
computedTsy or Tgg with N under various giverd. As \ de- more for highern and smallero. Whenx is 100 or above, the

creases, the discharge capacity of the pervious layer becomesorizontal drain is most effective for all cases shown. Figs. 6 and
smaller compared with the flow of pore water in clay. Thus, when 7 indicate that the horizontal drain can be more effective to re-
Tso Or Tog increases to reach the flat part of the curve, no or very duce the consolidation time for higherand lowerw. This is
little pore water is discharged into the pervious layer. In such a because, in such conditions withand w, the overall consolida-
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Fig. 8. System of clay and horizontal drain layers

zontal drains regardless of the difference in the number of hori-
zontal drains in the system, and the drains are most effective
when\ is equal to 100 or above even for the system with multiple
horizontal drains. This can be recognized in Fig. 10, in which the
excess pore water pressures in the drains are nearly zero through-
out the consolidation time whenis 100.

Time Factor Tgp

0.01 0.1 1 10 100 1000

Parameter A "

@

——one layer thin sand
»»»»» two layers thin sand
-~-three layers thin sand
--=-four layers thin sand

Fig. 7. Variations of time factor with\ for variousw andn: (a) »
=0.1; (b) ®=1.0; and(c) ®=20

tion in clay is more predominantly governed by consolidation in
the vertical direction, and thus the horizontal drain to intercept
this consolidated pore water can be more effective.

Multiple horizontal drains are now considered. They are as- 1
sumed to be arranged in such a way that the maximum lengths of oot o e n e 100
vertical drainage paths in clay, to reach the nearest horizontal
drains, are identical, as shown in Fig. 8. Then, the system is
considered to be made of fundamental units connected in series.
When the drains are most effective in such an arrangeient
zero excess pore water pressure in the horizontal drathe
upper and lower ends of an individual fundamental unit are
treated as an impervious surface. In this case, consolidation be-
haviors in fundamental units are mutually uncoupled in the sys-
tem. Otherwise, they are generally mutually coupled. Fig. 9
shows the ratio o gg(coupiedy@Nd Toouncoupledy COMputed for clay
soil with various numbers of horizontal drains arranged as shown
in Fig. 8: in whichTgg(coupieqyiS cOmMputed for the system as it is, 001 04 1 10 100 1000
while Tgo(uncoupleayiS COmMputed for an isolated fundamental unit Parameter A
with impervious surfaces at both ends. As expected, the ratio
approaches 1 as increases for all cases. It is noticed that the
parameten is rather uniquely related to the effectiveness of hori-

Tao{Coupled)/To(Uncoupled)

10
——one layer thin sand (b)
~~~~~ two layers thin sand
- --three layers thin sand
~-=-four layers thin sand

Tao(Coupled)Te(Uncoupled)

Fig. 9. Variation of time factor Ty) ratio with \ for various number
of multiple horizontal drain layerga) » =0.01 and(b) =1
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Fig. 10. Excess pore water pressure along deg#h:x=0; (b) A Fig. 11. Design chart fofT5o, To, andTgo

=5; and(c) A\=100

that \ for the clay and drain system is equal 100. Witk 100,

the timeT to achieve a specific average degree of consolidation at
r=r, depends onn andn, as shown Fig. 11. Fig. 11 is also
applicable to the entire clay ground without horizontal drain lay-
ers, whenT andw are expressed, respectively, as

Design of a System with Horizontal and Vertical
Drains

Horizontal, thin, pervious drains such as layers of sand or hori-
zontal sheets of geotextile are used as horizontal drains in com- c,t’

bination with vertical cylindrical drains to accelerate the consoli- =— (3%a)

dation in clay. Clay is assumed to be homogeneous and isotropic h

in design consideration. Multiple pervious horizontal layers are h\2

arranged as shown in Fig. 8. It is assumed that the following w’=(r,> (350)
1

information is given for design: target average degree of consoli-
dation Up); time to achieveJ, (t,); twice the length of vertical where h’ =entire thickness of clay with both ends pervious or

drainage path when horizontal drain layers are abdent fadius twice the thickness of clay with only one end pervious; notations
of vertical cylindrical drains(y); material properties of clayk( with prime=those for the ground with no horizontal drains. It is
andc.); and permeability of sandkg) if the horizontal drains are  assumed that Fig. 11 is provided for design.

sand layers. With Egs.(30a), (34), (35a), and(35h), the following relation-

When the excess pore water pressures in these layers are zership is obtained:
(i.e.,A=100), the horizontal drain works most effectively and the 2
consolidation behaviors of the fundamental units in the system are To =T’u)’l ( rl)
mutually uncoupled. Therefore, an optimum design is made so t'\rg

JOURNAL OF GEOTECHNICAL AND GEOENVIRONMENTAL ENGINEERING © ASCE / SEPTEMBER 2003 / 845



Time Factor Tgo
=3

o
o
=

0.001

10
Parameter

0.1 1 1000

Fig. 12. Geometrical relationship betwedw andT' o’
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Eq. (36) indicates that the log~logw relationship (including
logT'~logw’ relationship is a straight line with a slope of 1 to
—1 and can be obtained by shifting the [Bg-logw’ relationship
by logt/t’ - (r;/r,)?]. T andw for the most effective condition with
horizontal drain must be located in the curve shown in Fig. 11.
Therefore, for a give,/t" andri/r, (=n’/n), suchT andw are
uniquely defined as the values at the intercept of the curve in Fig.
11 and the log ~log w straight line. Referring to Fig. 12, this can
be done conveniently in the following manner:
1. Computen’ from Eq. (35h) and locatew’ in the design
curve for givenn’ (point A).
Find T’ corresponding ta' andn’ in the chart and com-
putet’ from T’ [Eq. (35a)].
Shift the point A by Io@tp/t’~(n’/n)2] to point B.
Draw a straight line with slope of 1 te1 at point B.
Find the intercept of the above straight line and the design
curve for givenn (point O to defineT.
The valueh is defined from the expressions &f[Eq. (30)]
with the above-defined as

B [Cty
h= T

Then, hg or kg is defined from the expression af [Eq. (32a)]
with A =100 as

logT=—logw+log(T'w’)+log (36)

2.

3.
4.,
5

37)

1002k,
h

kshs or kg= (38)

The above design approach is carried out in the following
manner:

1. DefineU, andt,, and find other inputé.e.,h’, ks, andk).

2. Assumen and n’ and computer; (=n'ry) and r
(=nry).

3. Find T following the above-explained procedure with the
design curves given in Fig. 11.

4. Computeh from Eqgs.(37).

5. Computeh or kg from Eq. (38).

6. If any of the computedi, hg (or k), andr, are not suitable,
repeat the above computation steps with the revised

7. Design the drain system based on the above-obtdinéad

(orkg), andr,.

Example 1
The assumed conditions are:

Clay propertiesc,=4.0 nf/yr, k.=1.0x10"° m/s.

Sand propertiesk;=1.0x 10" ¢ m/s.

Geometry: clay thicknesd =20 m.

Vertical drain:ry=0.2 m.

Boundary conditions: pervious top and impervious bottom sur-
faces.

The drain system is designed to reach the average degree of
consolidation 50% in 0.5 year, with=n’. The following are the
computation steps:

1. U,=50% andt,=0.5 year.
2. Assumingn=n’'=20,r,;=r;=n’ r;=20X0.2=4 m.
3. w'=(h"/r})?=(40/4¥=100.
T’ =0.0066(point A), from Fig. 1Xa) with »’=100.
o T'h'2 _0.0066< 407 64
t'= S 2 =2.64 year
| ty(n’ 2_| 0.5 (20)2
9t {n) 799264 20
=—0.7226 to locate point B
T=0.047 (point C) from Fig. 11a).
4. h= \/cctp/T: V4% 0.5/0.047 6.5 m; provide three horizon-
tal thin pervious layers witth=5.7 m.
5. Geotexile, ky=100r{k./h=100x4?x 10" %5.7=2.8
X107 m?/s.
6. Thin sand layer, hg=Kgh/ks=2.8X10 7/1.0x10 ®
=0.28 m; provideh,=0.3 m.
Example 2

The assumed conditions are:

Clay propertiesc,=4.0 nf/year, k.=1.0x 10" ° m/s.

Sand propertieks=1.0x 10" ® m/s.

Geometry: clay thicknesd =15 m.

Vertical drain:r,=0.2 m.

Boundary conditions: pervious top and impervious bottom sur-
faces.
The drain system is designed to reach the average degree of con-
solidation 50% at=t" with n>n'. The computation steps are as
follows:

1. U,=50% andt,=t'".

2. Assumingn’=10 andn=20, r;=n' ry=10x0.2=2.0m
andr,;=nry=20x0.2=4.0 m.

3. w'=(h"/r})?=(30/2¢=225

T’'=0.0026(point A), from Fig. 1Xa) with o’=225
B T'h'2 B 0.0026x 30?

t o 2 =0.58 year
tp (N2 0.58/10\2 _
Iogt—, " =Iogﬁ3 20 =—0.602 to locate point B

T=0.047(point C) from Fig. 11a).

4. h=\c.t,/T=4x0.58/0.047%7.0 m; provide two horizon-
tal thin pervious layers witlh=6.0 m.

5. Geotextile,  ky=100fk./h=100x42x10 %/6.0=2.67
X 107" m¥/s.

6. Thin sand layer, hg=khgs/ks=2.67X10 7/1.0x 10 ©
=0.27 m; providehg=0.3 m.

Conclusions

The consolidation behavior of clay with a system of horizontal
drains and vertical cylindrical drains is formulated using the
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q:dr(rd®) or

ge(r,t)  qur,t) aqu(r,t) drag.(r,t) Aq(r,t)
ot r  or T o TTh
X (40)

[

|

: - where q,(r,t)=lateral flow in the sand layerg,(r,t) and
A= i hy g,(r,t) =vertical flow into and out of the sand layer, respectively;
i—dr—k‘ and Aq(r,t)=q4(r,t) —qg,(r,t) =the flow loss due to the lateral

1 Y drainage in the sand layer while the pore water flows vertically
from one clay layer to another.
q2dr(rd0) Introducing Darcy’s law, the effective stress principle and the
qr(rdO)h, (q, + o, dr)(r + dr)doh, total stress equal to the applied pressure on the ground surface,
" or ! Eq. (40) can be rewritten as Eq2)

Fig. 13. Flow in thin pervious layer

transfer matrix approach. The developed formulation can handleAppenle Il. Orthogonality of  u/a(r)

the inhomogeneous profile in clay and multiple horizontal drains . ) i

made of either thin sand layers or geotexstile sheets. The numbef\ftér substitution of Eq(3) into Egs.(1) and(2), the equation for
of terms used in series is five terms in thdirection, and five to ~ U(r) in thenth andmth modes can be written, respectively, as
ten terms in thez direction depending on the behavior in the 1

series expression. As Terzaghi’'s consolidation solution, only one Un+ —Un+3r21Un=0 (41a)
or two terms in the expansion in ttzedirection are sufficient to r

compute the consolidation behavior in the later stage of consoli-

dation but the upper-side number of terms is required in the early i+ EUmJFanUm:O (41b)
stage of consolidation. The formulation is found to be very effi- r

cient and convenient for computation.

The consolidation of clay with a system of horizontal and
vertical drains is governed by the nondimensional paramaters
3, n, andw. It is found that the important parameter controlling
the effectiveness of the horizontal drains is the valukefined by r r
Eq.(32a), which is a function ok andhg of the sand layefor kg J (FU i+ Unlin+ S2rU U dr =Tl uq "~ J rOUdr
of geotextilg, k., andh of the clay layer, and, of the vertical o o Jro
drain. When\ is equal to 100 or greater, the excess pore water -
pressure in the horizontal drains is nearly zero, resulting in the +f S2rupmundr (42a)
horizontal most effective drains. Whan is smaller andn is ro
larger, installation of horizontal drains can accelerate the consoli-
dation of clay more effectively.

A convenient method is developed for designing an optimum
system of multiple horizontal drains and vertical cylindrical
drains. The method is based on the idea to design the drain system ",
having A=100 or slightly larger. In order to facilitate the ap- + ffo Sl UnUmdr (420)
proach, design charts are provided.

whereu=du(r)/dr; and i=d?u(r)/dr?. Egs.(41a) and (41b)
are multiplied, respectively, byu,, andru,. Integrating the re-
sultants over from r to r, leads to, respectively,

fy 51
f (rupii,+ UnUm+Sr2annUm)df=fUnUmH;—f ru,updr
fo Mo

Subtraction of Eqsi42a) and(42b) and substituting the boundary

Appendix I. Derivation of Eq.  (1b) conditions,u(ry)=u(r,) =0, into the resultant yield

A small Width,d_r andrde,_is c_onsidere_d in a thin layer to form (Srzn—srzn)f”runumdr=0 43)

an element as illustrated in Fig. 13. Since the excess pore water ro

pressure is uniform within the element, the volumetric change of o ) )

the element is Sincesy,#s,, Eq.(43) implies that the orthogonality af, exists.
AV=ghgrdrd6 (39)

where AV=volume change of the elemerit;=thickness of the Appendix Ill. Coefficient in the Expansion by
sand layer; and:=volumetric strains. According to the water Normal Modes
flow into and out of the element and E@9), the storage equa-

tion is The functionu(r) is expanded by using its eigenvectors such that
de(r,t) aq,(r,t)
Thsdr(rde)=q,(r,t)(rd6)hs— g,(r,t)+ ar dr u(r)=2 Coun(r) (44)
n=1
X (r+dr)dohg+qq(r,t)dr(rdo) o o
where c,=coefficient of thenth term. Multiplying Eq.(44) by
—qy(r,t)dr(rd6) ru,(x) and integrating the resultant ovefromrg to ry result in
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