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5a Lista de exercícios — Oscilador Harmônico

2/10/2016

Exercícios, mais exigentes, do Cap. 14 - Tipler e Mosca, Vol. 1, 4a. edição:

Oscilador harmônico livre

120 A energia de um corpo de massa m é dada em função da posição pela igualdade

U(x) = U0

(
α+

1

α

)
, (1)

onde α = x/a, e a é um constante com dimensão de comprimento.

a) Faça o gráfico de U(x) contra x no intervalo 0.1a < x < 3a.

b) Determine a posição de equilíbrio estável x = x0.

c) Encontre a expressão para a energia potencial U(x) para x = x0 + ε, onde ε é
um pequeno deslocamento a partir do equilíbrio.

d) Para simplificar o resultado do item (c), encontre uma expressão aproximada
para 1/α contendo somente potências positivas de x. Tome por base a ex-
pressão

(1 + r)n = 1 + rn+
n(n− 1)

2!
r2 +

n(n− 1)(n− 2)

3!
r3 + . . . , (2)

com r = ε/x0 � 1, e abandone os termos com potência acima de r2.

e) Compare o resultado do item (d) com o potencial para o oscilador harmônico
simples. Mostre que o corpo terá movimento harmônico simples quando o
deslocamento em relação ao equilíbrio for pequeno e encontre a frequência
desse movimento.

122 Um rolo cilíndrico maciço, com massa de 6 kg e diâmetro 0.06m, rola sem escorregar
sobre uma superfície horizontal, como mostra a figura abaixo. O eixo do rolo está
preso a certa mola de constante k = 4000N/m.
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a) Determine a frequência da oscilação desse sistema para pequenos deslocamen-
tos.

b) Qual o mínimo coeficiente de atrito que garante não haver escorregamento
quando a energia de vibração for 5.0 J?

123 A figura abaixo mostra um meio cilindro maciço, de massa M e raio R, pousado
sobre uma superfície horizontal. Se a face superior for ligeiramente inclinada e
depois solta, o corpo oscila em torno de sua posição de equilíbrio. Determine o
período da oscilação.
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when the amplitude reached 10 cm. From your data, determine the
coefficient of static friction between the box and the floor (b) If the co-
efficient of friction between the box and floor were 0.40, what would
be the maximum amplitude of vibration before the box would slip?
99 •• If we attach two blocks that have masses and to
either end of a spring that has a force constant and set them into
oscillation by releasing them from rest with the spring stretched,
show that the oscillation frequency is given by where

is the reduced mass of the system.
100 •• In one of your chemistry labs, you determine that one
of the vibrational modes of the HCl molecule has a frequency of

Using the result of Problem 99, find the “effective
spring constant” between the H atom and the Cl atom in the HCl
molecule.
101 •• If a hydrogen atom in HCl were replaced by a deuterium
atom (forming DCl) in Problem 100, what would be the new
vibration frequency of the molecule? Deuterium consists of 1 proton
and 1 neutron.
102 ••• SP R E A D S H E E T A
block of mass resting on a
horizontal table is attached
to a spring that has a force
constant as shown in
Figure 14-36. The coefficient
of kinetic friction between the block and the table is The spring is
unstressed if the block is at the origin and the direction is
to the right. The spring is stretched a distance where 
and the block is released. (a) Apply Newton’s second law to the block
to obtain an equation for its acceleration for the first half-
cycle, during which the block is moving to the left. Show that the re-
sulting equation can be written as where

and with (b) Repeat
Part (a) for the second half-cycle as the block moves to the right, and
show that where and has the same
value. (c) Use a spreadsheet program to graph the first five half-cy-
cles for Describe the motion, if any, after the fifth half-cycle.
103 ••• Figure 14-37 shows a uni-
form solid half-cylinder of mass and
radius resting on a horizontal surface.
If one side of this cylinder is pushed
down slightly and then released, the
half-cylinder will oscillate about its
equilibrium position. Determine the pe-
riod of this oscillation.
104 ••• A straight tunnel is
dug through Earth, as shown
in Figure 14-38. Assume that
the walls of the tunnel are fric-
tionless. (a) The gravitational
force exerted by Earth on a par-
ticle of mass at a distance 
from the center of Earth when

is
where is the mass of Earth
and is its radius. Show that
the net force on a particle of
mass at a distance from
the middle of the tunnel is
given by and that the motion of the particle is
therefore simple harmonic motion. (b) Show that the period of the
motion is independent of the length of the tunnel and is given by

(c) Find its numerical value in minutes.

105 ••• MULTISTEP In this problem, derive the expression for
the average power delivered by a driving force to a driven os-
cillator (Figure 14-39).
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(a) Show that the instantaneous power input of the driving
force is given by 

(b) Use the identity sin to
show that the equation in Part (a) can be written as

(c) Show that the average value of the second term in your re-
sult for Part (b) over one or more periods is zero, and that
therefore 

(d) From Equation 14-56 for construct a right triangle in
which the side opposite the angle is b and the side adjacent
is and use this triangle to show that

(e) Use your result for Part (d) to eliminate from your result
for Part (c), so that the average power input can be written as

106 ••• MULTISTEP In this problem, you are to use the result
of Problem 105 to derive Equation 14-51. At resonance, the de-
nominator of the fraction in brackets in Problem 105(e) is 
and has its maximum value. For a sharp resonance, the vari-
ation in in the numerator in this equation can be neglected.
Then, the power input will be half its maximum value at the val-
ues of for which the denominator is 
(a) Show that then satisfies 
(b) Using the approximation show that

(c) Express in terms of 
(d) Combine the results of Part (b) and Part (c) to show that there

are two values of for which the power input is half that at
resonance and that they are given by

Therefore, which is equivalent to
Equation 14-51.

107 ••• SPREADSHEET The Morse potential, which is often used
to model interatomic forces, can be written in the form

where is the distance between the two
atomic nuclei. (a) Using a spreadsheet program or graphing
calculator, make a graph of the Morse potential using

and (b) Determine the
equilibrium separation and “force constant” for small displace-
ments from equilibrium for the Morse potential. (c) Determine an
expression for the oscillation frequency for a homonuclear diatomic
molecule (that is, two of the same atoms), where the atoms each
have mass m.
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Problem 105

128 Um corpo de massa m está sobre uma mesa horizontal preso a certa mola de
constante k, como mostra a figura abaixo. O coeficiente de atrito cinético entre o
corpo e a mesa é µk. A mola é esticada de A e depois solta. A posição x é medida
a partir do comprimento relaxado da mola.
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when the amplitude reached 10 cm. From your data, determine the
coefficient of static friction between the box and the floor (b) If the co-
efficient of friction between the box and floor were 0.40, what would
be the maximum amplitude of vibration before the box would slip?
99 •• If we attach two blocks that have masses and to
either end of a spring that has a force constant and set them into
oscillation by releasing them from rest with the spring stretched,
show that the oscillation frequency is given by where

is the reduced mass of the system.
100 •• In one of your chemistry labs, you determine that one
of the vibrational modes of the HCl molecule has a frequency of

Using the result of Problem 99, find the “effective
spring constant” between the H atom and the Cl atom in the HCl
molecule.
101 •• If a hydrogen atom in HCl were replaced by a deuterium
atom (forming DCl) in Problem 100, what would be the new
vibration frequency of the molecule? Deuterium consists of 1 proton
and 1 neutron.
102 ••• SP R E A D S H E E T A
block of mass resting on a
horizontal table is attached
to a spring that has a force
constant as shown in
Figure 14-36. The coefficient
of kinetic friction between the block and the table is The spring is
unstressed if the block is at the origin and the direction is
to the right. The spring is stretched a distance where 
and the block is released. (a) Apply Newton’s second law to the block
to obtain an equation for its acceleration for the first half-
cycle, during which the block is moving to the left. Show that the re-
sulting equation can be written as where

and with (b) Repeat
Part (a) for the second half-cycle as the block moves to the right, and
show that where and has the same
value. (c) Use a spreadsheet program to graph the first five half-cy-
cles for Describe the motion, if any, after the fifth half-cycle.
103 ••• Figure 14-37 shows a uni-
form solid half-cylinder of mass and
radius resting on a horizontal surface.
If one side of this cylinder is pushed
down slightly and then released, the
half-cylinder will oscillate about its
equilibrium position. Determine the pe-
riod of this oscillation.
104 ••• A straight tunnel is
dug through Earth, as shown
in Figure 14-38. Assume that
the walls of the tunnel are fric-
tionless. (a) The gravitational
force exerted by Earth on a par-
ticle of mass at a distance 
from the center of Earth when

is
where is the mass of Earth
and is its radius. Show that
the net force on a particle of
mass at a distance from
the middle of the tunnel is
given by and that the motion of the particle is
therefore simple harmonic motion. (b) Show that the period of the
motion is independent of the length of the tunnel and is given by

(c) Find its numerical value in minutes.

105 ••• MULTISTEP In this problem, derive the expression for
the average power delivered by a driving force to a driven os-
cillator (Figure 14-39).
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(a) Show that the instantaneous power input of the driving
force is given by 

(b) Use the identity sin to
show that the equation in Part (a) can be written as

(c) Show that the average value of the second term in your re-
sult for Part (b) over one or more periods is zero, and that
therefore 

(d) From Equation 14-56 for construct a right triangle in
which the side opposite the angle is b and the side adjacent
is and use this triangle to show that

(e) Use your result for Part (d) to eliminate from your result
for Part (c), so that the average power input can be written as

106 ••• MULTISTEP In this problem, you are to use the result
of Problem 105 to derive Equation 14-51. At resonance, the de-
nominator of the fraction in brackets in Problem 105(e) is 
and has its maximum value. For a sharp resonance, the vari-
ation in in the numerator in this equation can be neglected.
Then, the power input will be half its maximum value at the val-
ues of for which the denominator is 
(a) Show that then satisfies 
(b) Using the approximation show that

(c) Express in terms of 
(d) Combine the results of Part (b) and Part (c) to show that there

are two values of for which the power input is half that at
resonance and that they are given by

Therefore, which is equivalent to
Equation 14-51.

107 ••• SPREADSHEET The Morse potential, which is often used
to model interatomic forces, can be written in the form

where is the distance between the two
atomic nuclei. (a) Using a spreadsheet program or graphing
calculator, make a graph of the Morse potential using

and (b) Determine the
equilibrium separation and “force constant” for small displace-
ments from equilibrium for the Morse potential. (c) Determine an
expression for the oscillation frequency for a homonuclear diatomic
molecule (that is, two of the same atoms), where the atoms each
have mass m.

r0 ! 0.750 nm.D ! 5.00 eV, b ! 0.20 nm"1,

rU(r) ! D(1 " e"b(r"r0))2,

v2 " v1 ! ¢v ! v0 >Q,

v1 ! v0 "
v0

2Q
  and  v2 ! v0 "

v0

2Q

v

Q.b
v " v0 ! )b>2m.

v % v2 ! 2v0,
m2(v " v0)

2(v % v0)
2 ! b2v2

0.v

2b2v2
0.v,

v
Pav

b2v2
0

Pav !
1
2

F2
0

b
 sin2 d !

1
2
c bv2F2

0

m2(v2
0 " v2)2 % b2v2 d

vA

SSMsin d !
bv4m2(v2

0 " v2)2 % b2v2
!
bvA
F0

m(v2
0 " v2),

vd
tan d,

Pav ! 1
2AvF0 sin d.

P ! AvF0 sin d cos2 vt sin " AvF0 cos d cos vt sin vt.

(u1 " u2) ! sin u1 cos u2 " cos u1 sin u2

P ! Fv ! "AvF0 cos vt sin(vt " d).

F I G U R E  1 4 - 3 7

Problem 103

F
r

mx

RE

ME

Tunnel

F I G U R E  1 4 - 3 8 Problem 104

∆ω

∆ω

ω0 ω

Pav
Pmax

Pmax

Pmax

Pmax

Weak damping,
high Q

Heavy damping,
low Q

1
2

1
2

F I G U R E  1 4 - 3 9

Problem 105

a) Aplique a segunda lei de Newton ao corpo para obter uma equação diferencial
para a aceleração na primeira metade do ciclo, durante a qual o corpo se
desloca para a esquerda. Mostre que a equação pode ser escrita como

d2x′

dt2
+ ω2x′,

com x′ = x− x0 onde x0 = µkmg/k, ou seja, x0 = µkg/ω
2
0.

b) Repita a parte (a) na segunda metade do ciclo, quando o corpo se desloca
para a direita, e mostre que

d2x′′

dt2
+ ω2x′′,

onde x′′ = x+ x0, com o mesmo x0 definido no item (a).
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c) Mostre em gráfico alguns ciclos iniciais do movimento com A = 10x0.

125 Abre-se um túnel retilíneo através da Terra, como mostra a figura abaixo. As
paredes do túnel não oferecem atrito.
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when the amplitude reached 10 cm. From your data, determine the
coefficient of static friction between the box and the floor (b) If the co-
efficient of friction between the box and floor were 0.40, what would
be the maximum amplitude of vibration before the box would slip?
99 •• If we attach two blocks that have masses and to
either end of a spring that has a force constant and set them into
oscillation by releasing them from rest with the spring stretched,
show that the oscillation frequency is given by where

is the reduced mass of the system.
100 •• In one of your chemistry labs, you determine that one
of the vibrational modes of the HCl molecule has a frequency of

Using the result of Problem 99, find the “effective
spring constant” between the H atom and the Cl atom in the HCl
molecule.
101 •• If a hydrogen atom in HCl were replaced by a deuterium
atom (forming DCl) in Problem 100, what would be the new
vibration frequency of the molecule? Deuterium consists of 1 proton
and 1 neutron.
102 ••• SP R E A D S H E E T A
block of mass resting on a
horizontal table is attached
to a spring that has a force
constant as shown in
Figure 14-36. The coefficient
of kinetic friction between the block and the table is The spring is
unstressed if the block is at the origin and the direction is
to the right. The spring is stretched a distance where 
and the block is released. (a) Apply Newton’s second law to the block
to obtain an equation for its acceleration for the first half-
cycle, during which the block is moving to the left. Show that the re-
sulting equation can be written as where

and with (b) Repeat
Part (a) for the second half-cycle as the block moves to the right, and
show that where and has the same
value. (c) Use a spreadsheet program to graph the first five half-cy-
cles for Describe the motion, if any, after the fifth half-cycle.
103 ••• Figure 14-37 shows a uni-
form solid half-cylinder of mass and
radius resting on a horizontal surface.
If one side of this cylinder is pushed
down slightly and then released, the
half-cylinder will oscillate about its
equilibrium position. Determine the pe-
riod of this oscillation.
104 ••• A straight tunnel is
dug through Earth, as shown
in Figure 14-38. Assume that
the walls of the tunnel are fric-
tionless. (a) The gravitational
force exerted by Earth on a par-
ticle of mass at a distance 
from the center of Earth when

is
where is the mass of Earth
and is its radius. Show that
the net force on a particle of
mass at a distance from
the middle of the tunnel is
given by and that the motion of the particle is
therefore simple harmonic motion. (b) Show that the period of the
motion is independent of the length of the tunnel and is given by

(c) Find its numerical value in minutes.

105 ••• MULTISTEP In this problem, derive the expression for
the average power delivered by a driving force to a driven os-
cillator (Figure 14-39).
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(a) Show that the instantaneous power input of the driving
force is given by 

(b) Use the identity sin to
show that the equation in Part (a) can be written as

(c) Show that the average value of the second term in your re-
sult for Part (b) over one or more periods is zero, and that
therefore 

(d) From Equation 14-56 for construct a right triangle in
which the side opposite the angle is b and the side adjacent
is and use this triangle to show that

(e) Use your result for Part (d) to eliminate from your result
for Part (c), so that the average power input can be written as

106 ••• MULTISTEP In this problem, you are to use the result
of Problem 105 to derive Equation 14-51. At resonance, the de-
nominator of the fraction in brackets in Problem 105(e) is 
and has its maximum value. For a sharp resonance, the vari-
ation in in the numerator in this equation can be neglected.
Then, the power input will be half its maximum value at the val-
ues of for which the denominator is 
(a) Show that then satisfies 
(b) Using the approximation show that

(c) Express in terms of 
(d) Combine the results of Part (b) and Part (c) to show that there

are two values of for which the power input is half that at
resonance and that they are given by

Therefore, which is equivalent to
Equation 14-51.

107 ••• SPREADSHEET The Morse potential, which is often used
to model interatomic forces, can be written in the form

where is the distance between the two
atomic nuclei. (a) Using a spreadsheet program or graphing
calculator, make a graph of the Morse potential using

and (b) Determine the
equilibrium separation and “force constant” for small displace-
ments from equilibrium for the Morse potential. (c) Determine an
expression for the oscillation frequency for a homonuclear diatomic
molecule (that is, two of the same atoms), where the atoms each
have mass m.
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Problem 105

a) A força gravitacional exercida pela Terra sobre uma partícula de massa m à
distância r, quando r < RE (onde RE é o raio do planeta) tem módulo

FT = −mg r

RE

,

onde g é a aceleração da gravidade na superfície da Terra. Mostre que a
componente da força ao longo do eixo do túnel, quando a partícula está a
uma distância x do centro do túnel, é

FT = −mg x

RE

,

e que o movimento resultante é harmônico simples.

b) Mostre que o período desse movimento é

T = 2π

√
RE

g
,

e calcule o seu valor, em minutos. (O período T coincide com o que teria um
satélite se pudesse girar em torno da Terra rente à superfície e independe do
comprimento do túnel.)
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